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PREFACE 



HE present voltinie is a sequel to the Elementary 



Geometry written by the same authors. 

It covers the schedule of Modern Plane Geunietr}^ required 
for the Special Examination in Mathematics for the Ordinary 
B.A. Degree at Cambridge ; and represents what we take to 
be a useful course for any student of Mathematics, whether 
he intends to read for Mathematical Honours, or to take 
up Physics or Engineering. For those who ultimately make 
a special study of G^metry, this book would serve as an 
introduction to more advanced treatises. 

Our experience tends to shew that boys find no little 
difficulty, at the outset, in mastering the ideas of Modem 
Plane Geometry; and, especially, in solving the problems 
Usually set. We have therefore put in a number of quite 
easy exercises, arranged to lead by easy stages to the 
Scholarship questions at the end of Chapters. 

We have to thank Mr H. M. Taylor for permission to 
use some of the exercises included in his edition of Euclid, 




a a 

A. W. S. 



JWMy 1908. 
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CHAPTER 1. 

THE B£NS£ OF A LINK 

1. ^ Throughout this book the word ' line ' will generally be 
tiaed in the sense of * straight Umb.' 

2. In elementary Geometry, the notation AB as applied to 
a straight line has one of two meanings : — 

(1) The unlimited straight line detiued by, and passing 
t«hrough, the points A, B. 

(2) The limited segment u£ that line that lies between A 
and B. 

It is now necessary to explain a third use of the notation. 

We may wish to discriminate between the gtep from A to B, 
and the Hep from B to A. In fact, we may regard AB and BA 
as different, AB meaning the step from A to B, and BA the step 

froTn B to A; AB and BA hein*; in different senses. If this idea 
is present, it is very usual to draw attention to the fact by 

writing a bar over the letters: thus, AB means the atep irom 

A to a 

0/- G. 8. M. O. 1 
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HKSHE OF A LINE 



H « - 

B C 



fig. 1. 



8. 'Reverting for a moment to the more elementary idea^ 
we see that in fig» 1 

AB + BC = AC, 

and we may interpret this as meaning that the consecutive steps 
from A to B, and from B to C, are together equivalent to the 
single step from A to C. 

It is a natural extension of this if we agree to say that 
in fig. 2 



A C « B 

fig. 2. 



A6 + BC==AC (i), 

meaning that, if we step in succession from A to B, and from 
B to the result is the same as if we had stepped at once from 
A to a 

The above is an eztenaioii of the idea of addition. The 
statement (i) is, in &ct, to be regarded as true for all cases, and 
as following directly from the extended idea of addition. 
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SENSE OF A LINE 3 

4. As a particular case of the above 

AB + BA = 0, 

.•. BA- - AB (ii). 

If, then, we agree to regard as positive all steps measured 
in one sense, we may r^rd as negative all st^ measured in 
the opposite sense. 

5. Let A, B, C, D, E be any number of points, arranged in 
anff order along a line. 

It follows from the extended idea of addition that 

'AB + BC4*C0 + DE = AE. 

But AE = ~ EA, 

/. AB + BC + CD-l-Di + EA = 0 (iii). 

6. Suppose that O is an origin and A, any two points 

whatever in a line. 

— » 1 ) — I - — - 

BO A 

fig. 3. 

Then OA + AB =^ OB, 

/. AB = OB-OA (iv). • 

7. Let C be the mid-point of AB. 
Then OA AC = oc, 

OB + BC - OC. 

VBut BC = - AC, 

adding, OA4-OB=^20C, 

-- OA + OB , . 

OO 5 (v). 



2 

1—2 
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SENSE OF A LINE 



The above results, i — v, are very important and useful : 
their value lies in tiiis, that they may \m employed with con- 
fidence witlunit any nfetcnce to the figure; they are true 
whatever be the order of tiie points concerned. 

Ex, 1. Verify the tnitli of the abuve results, i-v, by taking numerical 
instances nud placing the points in various orders. 

Ex. a. A, C» D are points in any order on a straight line. Prove 

that 

A6.5D + AC. DB+AO.BC=0. 
Verify by taking nnmerieal instanoes. 

Ex. 8. If AB be divided hi C so that m.AC =n.CB, and if O be 
any point on the infinite line AB, 

m.OA + n.OB 

ou = — ■ — ■ • 

m-i-fi 

Ex. 4. If O, A, B, C be pointe on a line ; and if P, R be the mid- 
points of BC, CA, AB respectively, then 

OP.BC + OQ.CA + OR . AB=0. 

Ex. A. If A, B, C, D be points on a line, and 

AC.PB ^ 
CB.M * 

then 

AB.DC _^ ^ 
BC.AD 

Ex. ©. If A, B, X, Y are four coliinear points, and P is a point on the 
same straight line such that PA . PB = PX . PY, show that 

PA.BX.BY^PB.AX.AY. 

B. Before leaving the subject of the 'sign' or * sense' of 
segment of a line, one more remark must be made. 

If there be two lines inclined to one another, it is not 
possible to compare, as regards sign, segments of the one line 
with segments of the other line. In fact, before any such com- 
parison is possible we must add to the stock of symbols we 
command. 
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The Sense op an Anoib. 

9. There is a certain analogy (which will be developed later) 
between 

(a) a point, Ijiug on a certain line, and moving along it^ and 

(h) a line, passing through a certain point, and rotating 
round it. 

Just as in case (a) sire regarded motion in one sense as 

positive aiid iiioUou in the opposite sense as negative, so in case 
(0) wr- may regard rotation in the ono sense as positive and 
rotation in the opposite sense as negative. 

Thus, if an angle AOB is looked upon as having been swept 
out by a radius rotating from OA to OB, wo may call it positive; 
while, if it is looked at as having been swept out by a radius 
rotating from OB to OA, we should call it negative. 

When it is convenient to use this idea, we should say tliat 
i.AOB = --BOA. 
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CHAPTER II 



INFINITY. 

1. There is one exception to the rule that two coplanar 
straight lines define a point by their intersection. 

This is the case of two parallel straight lines. 

There is one exception to the rale ih&t three points define 

one circle passing through them. 

This is the case of three collinear points. 

There is one exception to the rule that a finite straight line 
may be divided both internally and extenilAly in a given ratio. 

This is tlie case ot the ratio of ecjuality. 

These and other exceptions can be removed by means of the 

mathematical fiction called * iniinity.* 

It will be seen later on that, by means of the concept 'in- 
finity ' we are able to state as true without exception an indefinite 

number of results which would otherwise have to be stated in a 
liuiiteci form. 

Digitized by Gopgle 
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2. Point ttl infinity on a straight Una. 




fig. 4. 



Liet a straiglit line, jilwiiys passing through O, start from the 
position OP and revolve in a count' r cJiHikwue direction, until it 
becomes parallel to the straight line PPj. 

In each of its positions, the revolving line onto the line 
PPj in a ain^e point, until the revolving line becomes parallel 

to PPi. 

'When this happens, the statement in black type suddenly 
eeases to be true. 

The more nearly the revolving line approaches to the parallel, 

the more distant does the point of intersection become. 

It is found to be convenient to say that the revolving line, 
when parallel to PPj, still cuts it; namely, in a point at infinity 
on PPi. It will be seen below that these ' mathematical fictions' 
— points at infinity — possess many properties in common with 
ordinary points. 

If the revolving line starts afresh from OP and now revolves 
in the dockwrn direction, it might be supposed that, when 
parallel to PPj, it determines another point at infinity on PPj. 
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INFINITY 



We shall find, however, that it leads to simpler statements 
if we agree to say that this point at infinity is identical with 
that obtained formerly. 

The reader may object that this is an unreasonable conven- 
tion, in that it allows a * point at infinity * to be infinitely distant 
from itself. 

Tn answer to this objection, it must \w explaiiiod that wc; 
have not stated that points at iutiuity enjoy ail the properties of 
ordinary points. 



3. As an illustration of tlie nnifdnnity of statement obtained 
by the coitventious already explained, tiie following are now given 
as true without exception. 

(i) Any two ooplanar straight lines define one point by 
their intersection. 

(ii) Two straight lines cannot enclose a space. (If we had 

agreed to admit ttm points at infinity on a straight line, two 

pai allt l Htraiglit lines Would duline two points and would enclose 
an infinite space.) 



'I I 1 I— — I ■ 

A O P B Q 

fig. 5. 



(iii) If it b required to divide AB in a given ratio, so that^ 

AP 

say, li problem admits of two solutions: either by in- 
ternal division (P) or by external division (Q). 
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If the ratio is givdiially altered so that it approaches unity, P 
will appitMush the middle point O, and Q will move off indefinitely 

to the right. 

When the ratio becomes unity, the internal point ci division 
is O, and the external point of division is the point at infinity - 
on AB. 

If the ratio had approached unity from below instead of from 
above, the internal point of division would have approached O 
from the left; and the external point of division would have 
moved off indefinitely to the left till, in the limit, it coincided 
with the point at infinity, as before. 

4. A set of parallel lines cointersect in one point at infinity, 
namely the point at infinity belonging to that set. In fact, a set 
of pai'iillel lines is a particular case of a set (or pencil) of con- 
current lines. 

To each set of parallels in a plane, in other words to each 

direction, there l^elongs a point at intiuifcy. If wo consider all 
possible directions, we have a singly infinite set ot points at 
infinity ; and it may be asked what is the locus of these points. 

The locus, apparently, has this property ; that every straight 
line in the plane cuts it in one point. For a straight line cuts 
the locus in ike point at infinity on that straight line. 

In virtue of the above property, the locus must, itself, be 
regarded as a straight Una To call it anything else, e.g. a circle, 
would introduce inconsistency of language; and the whole object 

of introfhiLiiig points at infinity is to make mathematical lan- 
guage consistent. 

The locus of all points at infinity in a plane is, accordingly, 
the line at infinity in the phina 

This line has many of the properties of ordinary lines, while 
it has other properties that are unfamiliar ; e.g. it can be shown 
to make any angle whatsoever with itself. 
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INFINITT 



5. Limit of a circle of infinite radixu. 



F 




Suppose that the circle in 6 continually touclies tlie line 
DAE ill A, while the radius continually increases without limit, 
and the centre O recces to infinity along AF produced. 

The circle will flatten ont, and the semicirole 8AC will clearly 

tend to coincide with the inlniiu^ line DAE. 

But it cannot be supposed that the limit of the circle is simply 
DAE ; for a circle is cut by any line in 2 points, while DAE is cut 
by any line in 1 point : an essential distinction. 

In fact, all the points on the semicircle BFC recede to infinity, 
and tend to lie on the line at infinity. 

Therefore a circle of infinite radius with centre at infinity 
consists of an infinite straight line together with the 
straight line at infinity. 

Ex. 7« In the limit of figoie 6 examine what becomes of the pointB C, 
B and of the tangents EC, DB. 

Ex. B. Find what becomes of the theorem that ' a chord of a circle 
subtends equal or supplementary anglen at all points of the circumference * 
fur thti case when the circle becomes a finite line plus the line at infinity. 
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CHAPTER III. 



THE CENTROID. 

The properties of the centroid are mainly of interest in con- 
nection with statics, where they apply to the centre of gravity 
of a system of weights. The ide% however, is essentially geo- 
metrical; and will, therefore^ be developed briefly in this place. 

DefiniHon. The centroid of n points in a plane, Pi, Pj, Ps, 

P4, ... P„ is arrived at by the following construction, i^iscct P^P^ 
in A. Divide AP^ in B so that 2ab BP,. Divide BP4 ia C so 
that Sbc^CP^; and so forth. The final point obtained by this 
process is Q, the centroid of Pi ... P,^.* 

* The reader wiU notice that this definition is faulty, inasmuch that 
a doubt remains whether we should reach the same point Q if we took the 
pointa P in a different order. It ia proved hdow that the point G ia 
unique. 
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Theorem 1. 

If the distances of two points P, Q from a line XY be 
V\i '!/' ^sign being taken into account); and if g be taken 
on PQ so that ^.PQ^A;.GQ, then the distance of q from 
the line is 

h + k ' 





fig. 7. 

Through P draw PUV || to XY, meeting QL, QN (produced if 
necessary) in U, V. 

Then, in eaae* (ugn being taken into account) 

UG:VQ=PG:PQ + GQ 

k 



UG = 



h + k 

But VQ=Na-NV»Na-MP 
and LG»UG + MP 

h + k 
h + k ' 

* Tiiis proof is a good instance of the fact explained in Chap. I., that 
Ihe ottribntion of flign to lines makes ns, in a meftsore, independent of the 
iraxiety of figaxes that may be dxawn. 
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Theorem 2. 

If the distances of points P|, p. ftrom a line be 
ifn (sign being taken into aocount), the distance 
of the centroid Q from the line is 

n 

The mid point of PjPa is A, and its distance is 

40 

B is taken so that 2AB = BP,, 

the distance of B is ^ — , 

" "3 

C is taken so that 3BC = CP4, 



the distance of C is 



3 + 1 



etc.» etc. 

Finally the distance of Q from the line is 
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Theorem 3. 

If the coordinates of P,, Po, . . P„, with respect to two 
aaces at right angles, be (x,, y,) (a:^, y,) (aj,, y,) ... (x,, y») the 
ooordinates of the centroid aste 

n n 
This follows immediately from Theorem 2. 

Theorem 3 makes it clear, from the symmetry of the expres- 
sions for the coordinates of G, that the same centroid would have 
been reached if the points P had been taken in any other order. 

The centroid is therefore (i) uniquci (ii) iixed relative to the 
points P. 

From the fact that the same centroid is obtained in whatever 
order the points are taken, a class of geometrical theorems may be 
deduced o£ which the following is an example. 

Example. The mediasiB of a trian^e meet hi a i>oint, 
and each median is trisected at this point. 



A 




fig. 8. 

Consider the centroid of the three j)oints A, B, C. Let BC be 
bisected at a, -uxl let G be taken on Aa so that AG = 2Ga. Then 
Q is the centroid: it lies on the median Aa and trisects it. 

Similarly the same point G lies on each of the other medians^ 
and trisects it. 

Hence the medians meet in a point, which trisects each 
median. 
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Elx. ABCD being a qnBdrilataral, the joins of Hhe mid-points of 
A8, CD ; of AC» BD ; of AD, BC meet in a point ; and each join is biaeeted 
at this point. 

Ex. lO. A, B, C, D arc four points in a plane. Let the centroids of tlie 
triangles BCD, CDA, DAB, ABC be a, /9, 7, S respectively. Then Aa, B/3, 
C7, D5 meet iu a point ; and are divided in the same ratio at this point. 

Ex. II. Awmming the existenee of a oentroid in three dimensions, 
generalise Exs. 9 and 10 for the case in which ABCD is a tetrahedzon. 

Ex. 12. If G be the centroid of Pi, P2, ... P„,andGMi,GM2, GM3,... 
GM„, be the projections of QPi, GPj, QP3, ... QP,(On a line through Q ; 
then2QM=0. 

Ex. 18. O being any point, and Q the centroid of n points P^, 
Pj, ... Pn> 

20P2=2GP2 + n.OG2. 
(Use the extension of Pythagoras' theorm.) 
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CHAPTER IV 



THE TKIANGLE. 

Notation, Special points and quantities will be denoted by 
the following letters, in the course of the present chapter 

A, B, C vertices of the triangle, 

D, E, F feet of tlie altitudes, 

a, /S, y mid-points of the sides, 

X, Y, Z points of contact of the in-circlet 

A, h, e lengths of the sides, 

s semi-perimeter (Hs-a + b + e)^ 

R circam-radius, 

r in*radin8, 

^'j ...6x-radii, 

il area of the triangle, 

8 circu 111 centre, 

H orthocentre, 

G centroid, 

I in-centre, 

I, , 1,, I, ...ez-centres, 

N nine-points centre, 

Q, R mid-points of HA, HB, HC. 



THE TRIANGLE 17 



Theobem 4. 




fig. 9. 

Casb I. 1/ LA is acute. 

Draw CF X to AB. 

A = ^AB.CF. 
But CF^ CAsin A, 
A = ^AB.CAsiaA 
= ^bc bin A. 
Similarly A = |cii sin B = |a5 sin C. 

Casb ii. 1/ lAU obHue, 

The proof is left to the reader. 

Ex. i«. Frore the above theorem for the oaae in which 2 A is obtiiBe. 

Ex. 16. Prove the theorem that the ratio of the ai€as of simiiar triaDgles 
is equal to the ratio of the squares on corresponding Bides. 

Ex. 16. Two sides OP, OR of a variable parallelogram QPQR alwaye 
lie along two fixed lines OX, OY ; and Q. describes the locus defined by 
OP . PCl= constant. Prove that the area of the parallelogram is oonstant. 

Ex. 17. Dednoe from Theorem 4 that 

a h c 

siu A sni B G 

a. 8. M.Q. 2 
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Theorem 5. 

a h c 
sin A ain B sin C 



= 2R. 




ilg. 10. 

Case i. 1/ the triangle is acute angled. 
Join C8. 

Prodnoe C8 to meet circumcircle in Y. 
Join BY. 

Since CY is a diameter of the 0, 

/. L. CBY is a rt ^ . 
Ako z.BYC:» Z.BAC, 



/. sin A = sin Y = ^ - 7^ , 



EC _ a 
CY ~ 2R 



^ =2R. 



smA 

Similarly .^- = -r^-2R. 
*^ 8m B sin C 

Cask ii. ffihe triangle is obtuse angled. 
The proof of this case is left to the reader. 

Ex. 18. Prove Case n of Theoiem 6. 
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Ex. Prove tiist the oiromit-xadiiis of an equilateral triangle of side « 
is approziDiately *517x, 

Ex. ai. SAP, PBQ, QGR, RDS are lines biaeoting the exterior angles 
of a convex quadrilateral A BCD. Provo that 

PB . OC « R D . S A s P A . S D . RC . as. 

Ex. 22. Deduce (mm Theorem 5 the fact that the bisector of the vertical 
angle of a triangle divides the base lu tlie ratio of the sides containing the 
vertical angle. 



Theokem G. 

«"=M + c'-26ceo8A. 
Casb I. If Lki» acute. 




a,»=i^ + c»-.2c. AF. 
But AF = 6cosA, 
/. a* = i^ + c*-26ccoBA. 



II. 9. 



2—2 
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Case ii. IJ'l^vh obtuse. 



1 



B A F 

fig. 12. 

a* = 5» + c» + 2<?.AF. u. 8. 

But AF = 5co6CAF 

and cos A = — cos CAF, 

/. AF = — & cos A, 
.-. a^^^b'^ + c-- 2^6- cos A. 
Similarly 6*=<r*+a2- 2caco8 B, 
e> = a* + — 2a& cos C. 

Ex. aa. Examine the case / A = 90°. 

Theoeem 7. 
Apollonius** Thborbh. 
If a is mid-point of BC, then 

AB« + A0« = 2Aa* + 2Bo* 
A 




fig. 13. 

Draw AD i to BC. 
Suppose that, of the z. b AaB, AaC, AaB is acute. 

* ApoUonius (260—200 B.C.) studied and probably leetnred at Alezandm. 
Nicknamed c. 



Digitized by Google 



THE TIUANGLE 21 

Then, from AABa 

AB' = Ao? + Ba^ - 2 Ba . Da, 

and £roiii AACa 

AC* = Aa* + Ca' + 2Ca . Da. 
But Ca=Ba, 

/. AB«+AC«=2Aa«+2Ba* 

Ex. 24. Examine what this theorem becomes in the (oUowiug cases, 
giving a proof in each case : 

(i) if A ooineideB with a point in BC. 

(u) if AeolnoidwwithC. 

(iii) if A oolnoides with a point in BC prodnoed. 

Ex. 25. The haae BC of an isoscclos a ABC is prodaced to D, so that 
CD=BC ; prove that AD3= AC^ + SBC^. 

Ex. 26. A side PR of an isosceles a PQR is produced to S so that 
RS = PR: prove that QS- = 2QR-'+ PR2. 

Ex. 99. The base AD of a triangle GAD is trieeeted in B, C. Prove 
that OAS+2ODS=80C«+6CDa. 

Ex. 28. In the figure of Ex. 27, OA2 + ODa=OB2 + OC2 + 4BC^. 

Ex. S9« If Q is a point on BC Bneh that BQ»tt. QO, then 
AB^ + fi . AO< = BQH fi . CQ2 + (» + 1) AQS. 

(This ie a generalized theorem, of whioh ApolloninB* theorem is a per- 
tieolar ease, ideo oompare Ex. 27.) 

Ex. 80. A point moves so that the snm of tibe squares of its distances 
from two fixed points A, B lemaina constant ; prove that its loons is a eixde. 

Ex. 31. The mm of the s(]uares on t)io sides of a parallelogram is equal 
to the sum of the squares on the diagonals. 

Ex. 82. In any quadrilateral the sum of the squares on the four sides 
ezoeede tbe som of the squares on the diagonals hf four times the square on 
the straight line joining the mid-potnts of the diagonals. 
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Ex. The itun of the squares on the diagonals of a qaadrilateral is 
equal to twice the Bom of the sqaaree on the lines joining the mid-pointe of 
opposite sides. 

Ex. 34. In a triangle, ihrpc times the Biim of the squares on the sides 
s=four timeB the sum of the squares on the medians. 

Definition, A «pt of lines which all pass through the same 
point are called concurrent. 

Definition. A set of points which all lie on the same line 
are called coilinear. 

DefinUum. The cinmrnscribing circle of a triangle is often 
called the ciroiim-circle; and its centre the circom-centre. 



Theorem 8. 

The perpendicular biseetom of tbe aides of a trlantf e 
are concurrent; and the point of concurrence, s, is the 

circumcentre. 

Every point on the x bisector of CA is equidistant from 
C and Ay and every point on the x bisector of AB is equidistant 
from A and B. 

/. the point where these lines meet is equidistant from A, B, 
and C; and^ being equidistant from B and C, it is on the x bisector 
of BC. 

.*. the X bisectors of the three sides meet at the circum- 
centre. 

Ex. 36. TliKiuf^li A, B, C draw linea parallel to BC, CA, AB respectively, 
formtug a Uiangle A BC. By considering the circumcentre of aA'B'C, 
prove that the altitudes of a ABC are ooncurrent. 

Ex. 36. Throii^'h each vertex of a triangle a pair of lines is drawn 
parallel to the linea joining the circumcentre to the other two vertices. 
Show that these six lines form an equilateral hejcagon, who&e opposite 
angles are equal. 
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Definition, The inscribed circle of a triangle is often called 
the in-eirole ; and its centre the in-centra. 



Theorem 9. 

The internal bisectors of the angles of a triangle are 
coneturrent; and the point of concnrrenoe, I, is the In- 
centre. 

Every point uu the internal bisector of ^ B is equidistant from 
AB and BC, and every point on the internal bisector of Z.C is 
equidistant from BC and CA« 

/. the point where these lines meet is equidistant from BC, 
OA and AB; and, being equidistant from CA and AB and inside 
the triangle, it is on the internal bisector of L A. 

the internal biaectorii of the three angles meet at 4, the 
in-^ntre. . 

Ex. 87. PfOT6 that r»^. 

[Use aABC^aIBCh- AICA+ AlAB.j 

Ex. 88* If a polygon is saoh that a cirole can be inscribed in ii, the 
bisectofs of the angles are eonoonrent. 

State a ooEresponding theorem for a polygon ahaut wMeh a dids o&n be 
described. 

£x. 89. Describe a circle to touch a given circle and two of its taugeuU. 

Ex. 40. PtoTe that any oirde whoaa centre is I cuts off equal chords 
from the three sides. 

Ex. 8t. If Al meets the in^»irole in P, prove that P is the in-centre 
of A AYZ. (For notation see p. 1^.) 

Ex. 42. The iiikrnal and external bisectors of z A moot the circumcircle 
in K, K'. Prove that KK' is the perpendicular bisector of BC, 

Ex. 48. If Al meets the citcamcirole in U, SU is perpendicular to BC. 
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JJefinition, A circle which touches one side of a triangle, aod 
the other two sides produced, is called an escribed circle or an 
ex*circle. Its centre is called an ex*ceiltre. 

A triangle clearly has 3 ex-circles. 



The internal bisector of l. a, and the external bisectors 
of Z.8 B and c are concurrent; and the point of con- 
currence is the ez-centre I, . 

The pi-ucf is left to the reader. 

Ex. €4. A, I, li are ooUtnear. 
Ex. 45. l2> A, I3 are ooUinear. 
Ex. 44* All IB J. to Ijls. 

Ex. 47. If another interior eommon tangent be drawn to the oirclee I, ii« 
and eat BC in K, then IKIi ie a straight line. 




t 



fig. 14. 



Theorem 10. 
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Theorem 11. 

A 

r = — , 

8 



A 




fig. 15. 

AIBC+ z:ilCA+ AIAB ^ A ABC. 
Now AIBCs=^IX.BC 

AICA = ^r6, 
AIAB = ^rc; 

a+h+c . 
/. 9V = A; 
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Theorem 12. 



8 — a 




fig. 16. 

■ 

AljCA+ AljAB- AliBC= A ABC. 
Now A liCA = iliYi . OA 

= h'^A 

AliAB^^rjC, 
AI,BC = ^ia; 

.-.n- 3 - =A. 

But b-^c-a = {a + b-^c)-2a 

i\ (« - a) - A ; 

A 



Similarly 
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1 8R 

Ex. 4a. Prove thai in an equilateral triangle r=^^9 fi ^rssi^s-^, 

Ex. 40. If the ez-eentres be joined, the triangle so formed ia sinular to 
the triangle XYZ. 

Ex. 50. Prove thai the circle on ll| as diameter passes through B and C. 
IIcDce construct a triangle, having given BC, z B, and the leuijth 

Ex. SI. AZi-f AYisAB+AC+BC, 

Ex. «». AYi=AZtsi. 

Ex. 68. AZ + AY = AB + AC-BC. 

Ex. M. AY=AZ=«-a. 

Ex.A«. ZZi = YYisa. 

Ex. 58. BXi = CX=«-c. 

Ex. aT. BX:«CX|3s»-.A. 

Ex. AS. XX|sc ~ fr. 



Theorem 13. 

(i) AYj = AZi = «. (ii) AY = AZ = « ~ a. 
(iii) YYi = ZZ,=<i. (iv) BX^=CX=:«-C. 
(v) XXi^o^b. 
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(i) 



Hg. 17. 

AYi + AZi « AC + C Yi 4- AB + BZi 

= AC + CX, + AB + BXj (since tangents to a circle 

= AC + AB -i- BC from a puiut are equal) 

But AYx = AZi, 
/, AY, = AZ, = 



(ii) 



AY + AZ = AC - GY + AB 
= AC-CX + AB 
= AC + AB - BC 

= 28- 2a. 
But AY = AZ, 

AY = A2 ^ « - flk 



BZ 
BX 



(iii) 



YYj = AY, - AY 

= 8 — (8-a) 
= a. 

Similarly ZZ^so^ 
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(iv) BXi = BZi = AZi-AB 

= «-c. 

Also CX ~ « — c» by proof similar to (ii). 

(v) XXi - BC - CX - BXj 

= a-2(«-c) 

= a - (a + 6 + c) + 2c 

= c — b. 

If the figure were drawn with 6 > c, it would be £ound that 

Ex. 59. Find the lenr^ths of the segments into which the point of 
contact of the in-circle divides the hypotenuse of a right-angled triangle 

whose Hides are G and 8 feet. 

Ex. 60. The distance between X and the mid-point of BC ia h [h ~ r). 

Ex. 61. The in-radius of a right-angled triangle is eqoal to half the 
diflterenoe between the sum of the sides and the hypotenuse. 

Ex. 62. If the diagonals of a quadrilateral ABCD intersect at right 
angles at O, the sum of the in-radii of the triangles AOB, BOC, COD, DOA 
is equal to the difference between the sum of the diagonals aod the aemi> 
perimeter of the quadrilateral. (Use Ex. CI.) 

Ex. 99m Two sides of a triangle of constant perimetor lie along two 
fixed lines; {irove that the third side touches a fixed ciiole. 

Definition. The line joining a vertex of a triangle to the 
mid-point of the opposite side is called a median. 

IhJinUion, The triangle whose ;irertiee8 are the mid-points of 
the sides is called the medial triaxi^d of the given triangle. 

Ex. 64. Prove that two medians triseet one another. 

Ex. 65. Henee prove that the three medians are eoncnrreDt. 

Ex. 66. The eirenmradiua of the medial triangle is ^R. 

LSMMA 1. 

If y, p are the mid-points of AB and AC, then yfi is 
parallel to bc and equal to ^bc. 

The proof is left to the reader. 
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Theorem 14. 

The medians of a triangle are concnrrent; and eacli 
median is trisected at the point of concurrence, Q. 

A 




B C 

fig. 18. 



Let the two medUnB Bfij Cy meet at Q. 
Join Py. 

Then, by Lemma 1, is || to BC aucl = JBC. 
^ Again, As GjSy, GBC aro similar (?), 

/. ; QB = Gy : GC 

= j5y : BC = 1 : 2. 
.*. two medians B^, Cy intersect at a point of trisection 
of eaoh. 

Let the median Aa cut Bfi in G'. 

Then it may be proved, as ahove, that ^Q' = ^^B, aG' ^ ^oA. 

But /3G = l/SB, 
,*, G' coincides with G, 
and aG = JaA. 

.'. the three medians are concurrent and each median is 
trisected at the point of ooncurrenoe^ Q. 

Note, It will bo noticed that G, the point of concurrence of 
the three medians, is the centroid of the three puiiiLs A, B, C 
(st e (Jliap. Ill,); accordingly G is called the centroid of the 
triangle. 

* 

Ex. W, Prove the centroid property of a triangle by the foUowing 
method: let B^, Cy meet in Q ; prodnee AG to P so that GP a AQ : then 
prove that GBPC is a etc. 

Ex. 68. *Xhe triangles GBC, GCA, GAB are equivalent. 

Ex. eo, 0&AB,ACpointsQ,Rarotakenfl0thatAQs|AB,AR«iAC. 
CO, BR meet In P, end AP produced meets BC in D; find the ratio 
AP : AD. 

Ex. 70. The tcian^ee ABC, o/ly have the same centroid. 
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Theorem 15. 



The three altitudes oi a triangle are concurrent. 



Draw BE, OF ± to AC^ AB ; let them meet in H. Join AH 
and produce it to meet BC in D. 

We have to prove that AD is x to BC. 

Join FE. 



Again, aanee L 8 BFC, BEC are rt. ^ 8, 

.*. F, E, C are concyclic ; 



.'. L FEH L FCB. 
But L FAH = L. FEH, 
^ FAH » Z. FCB, 

F, A, C, D are concyclic, 
L ADC = L AFC = a rt. /. . 

Hence AD is j. to BC, 



and the three altitudes are concurrent. 



« Ex. 71. Does the above proof need any modification if iC A is right or 
obtuse? 

I>efiniiion, The point of concurrence, H, of the altitudes of a 

ti-iangle is called the orthocentre. 

Ex, 99* If H is the orthocentre of a ABC, then A is the orthooentre of 
A BCH, B of aCAH, and C of aABH. 



A 




fig. 19. 



O 



Since L s AFH, AEH are rt. l s, 

A, F, H, E are concyclic; 



.\ L FAH - FEH. 
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Ex. 79. I is the orthoeentre of a 1 1 12 i t. 

(Notice that A, I, Ii aie colliiuai ; as alao 1^, A, 
Ex.74. AH.HD = BH.HE = CH. HF. 

Rx. 7a. AS and AH an- Hijuiilly mciinoti to the bisector of L A. 
Ex. 76. z BHC is the Buppleiuent of L A. 

Ex, 77. Sliow tliat if two of the opposite angles of a convex quadri- 
lateral be riglit an-ti tlip external diagonal of the complete quadrilateral 
formed by the Hides is perpendicular to an intenial diagonal. 

Definition, The triangle whose vertices are the feet of the 
altitudes is called the pedal trlanffle of the given triangle. 

Ex. 78. The triangles ABC, HBG, HCA, HAB ail have the same pedal 

ti'iangle. 

Ex. 79. The orthoeentre of a triangle is the in-centre of its pedal 

tnuiigle. 

Ex. 80. The triangle formed by the tangents at A, B, C to the circiim- 
oircle is similar and aimiluriy situated to tiie pedal tnangle. 

Theorem 16. 

If AH produced meets the circunicircle In x, then 

HD = DX. 

I / 1 \e \ 




fig. 20. 

Since ^ s E and D are rt. z. s, 

/. A, E, D, B are concyclic, 

.*. ..DBE = Z.DAE. 
Also L. DBX = z. DAE, in the same segment. 
.•. ^DBE = ^DBX. 
Hence As DBH, DBX are congruent^ 

and HD«=DX. 



Digitized by Go '^v, 



THE TKlANtiLE 



33 



Ex. 81. Draw a figure for Theorem IG, in which zA is obtuse. Does 

the jjioof need auy moditication for this case? 

Ex. aa. The iriaogles ABC, AHB, BHC, CHA have equal eircam^ 
oirolfis. 

Ex. 08. H ifl the oironmoeotKe of the triangle formed by the eurenm- 
centres of AHB, BHC, CHA. 

Ex.84. BD.DC=AD.HD. 

Ex. 85. The base and vertical an^de of a triangle are given. Prove that 
the lncn« of the ortliocentre Ih a circle e(iual to the oircumoircle. Find aleo 
the loci of the iu-centre and the centroid. 



Thborbm 17. 

AH = 28a. 




tig. 21. 



Let C8 meet circnmcircle in Q. 

Since S and a arc the mid-points of CO, and OB respectively, 

;uul QB is || to Sa and to AH. 

Again, as CQ is a diameter, z. CAQ is a rt. z. , 

.'. AQ is II to HB. 
Hence AQBH is a 
.% AH = QBr=28a. 

0.8. M.G. 3 
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Ex. SC. Piove Theorem 1? by aeing tbe teot that H is the cizonmoentoe 
of the triangle fonned by dmwing parallels to the sides through the opposite 
Tertioes. 

£x. 87. Let P be the mid-point of AH. Show that aP, SH bisect one 
another. 

Ex. 88. tiliow that N, the mid-point of is the centre of the 
oirole PDo. 

Ex. Show that aP is equal to the oireumradias of ABC. 

Ex. 80. Show that a circle with centre N (the mid-point of H8) and 
ladins equal to |R will pass thnragh D, E, F, a, /3, 7 and the mid-points of 
HA, HB, HC. 

Ex. 81. The perpendicular bisectors of Da, E^, F7 are concurrent. 

Ex. 8S. Prove that AS, Ho meet on the oironmeirde. 

Ex. 88. If P, Q, R are the mid-points of HA, HB, HC, then a FOR Is 
coograent with a a/37. 

■ * 

Ex. 84. SP is bisected by the median Aa. 
Ex. 88. The eirenmradins of a afiy is iR. 
Ex. 88. Prove that a s a^7, Oy^ are oongraent. 

Kx. 97. Show t)iat a^yD are concyclic. Use Ex. Of) to show that the 
ciroumcirole of the pedal triangle passes through the mid-points of the sides. 

Ex. 88. Apply the result of Ex. 97 to the triangle HBC. 

Ex. 88. Combinmg the two preceding exereises, deduce the re^^uli of 
Bx.98. 

Theorem 18. 
The points H, G, s are collinear ; and HQ » 2QS. 

A 




fig. 22. 
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Let Aa cut H8 in G'. 

Since AH and Sa are ||, As AHQ^ aSG' are similar, 

and since AH = 2 So, 
AG' = 2G'a. 
.'. G' is identical with G, the centroid. 

Also HQ := 2G8. 

Ex. lOo. Use fig. 22 to prove, mdtipeadently, the coaounence of the 
tliree inediaus. 

Ex. lOl. If AS, Ha meet at K» the centroid of aAKH is G. 



Theorem 19. 

A circle whose centre is the mid-point of SH, and 
wliose radius is passes through 

D, E, F the feet of the altitudea, 

a, 13, y the mid-points of the sides, 
p, Q, R the mid-points of ha, hb, hc. 



A 




fig. 23. 

Join aP, SH. Let them intersect at N. 
(i) HP = ^HA = aS, and HP is || to aS, 

HPSais a ||*»«'-*"», 
and the diagonals HS, Pa bisect one another. 
,\ N is the mid-point of H8 and bisects Pa. 

3—2 
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fi«. 23. 

(ii) Since l PDa is a rt. z. , Pa w the diameter and N the 

centre of G PDa. 

(iii) AP is equal and |{ to Sa, 

/. APaS is a ||*^, 
/, aP=SA, 

and NP» the radius of 0 PDa }aP = |SA = |R. 

(i\ ) It has been shown that the circle whose centre is N, 

the mid-point of SH, and whose radius is iR, passes through the 
foot of o/ie altitude, the luid-pomt of one side, and tlie mid-point 
of HA. 

By similar reasoning this circle may be shown to pass through 
the feet of the three altitudes, the mid-points of the three sidee^ 
and the mid-points of HA, HB, HC. 

This circle is called the uine-pointa circle, and its centre N 
is called the nine-pointfl centre. 




fig. 2i. 
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Ex. IM. Th« eironmoirole of a ABC is the 9-point8 circle of A l| I2 13. 
Ex. lOd. The circumcircle binects each of the 6 liues joining pairs of 
the points I, l^, I,, h. 

Ex. 104. If O be etj^uidistant from l^, \o, I3, tiieu S is tiie mid-poiat 

Of 01. 

Ex. 105. What is the 9-poiDts circle ol" a BHC? 

Ex. 106. P is any point on the circumcircle of A ABC. PL, PM, PN 
.are X to BC, CA, AB respectively. Prove that 

(i) z PNL = 180^ Z PBC. 

(ii) zPNM=/PAlVI. 

(iii) ZPNL+ ZPNM = 180^ 
(iy) LNM is a straight line* 

Theorem 20. 

If from P, a point on the circumcircle, perpendiculars 
PL, PM, PN be drawn to the sides of a triangle, then lmn 
is a straight line (the Sixnaon* line). 




£g. 25. 

Join LN, NM. 

Since LB PNB, PLB are rt. z_ s, 

.-. L PNL ^ 180" -z. PBC. 
Again, since z-s PNA, pma are rt. ^s, 

/.PNM=;LPAM. 
But Z. RAM = 180" -Z. PAG 
= L PBO, 

/. L 8 PNL, PNM are suppleraentaiy, 
.*. LNM is a straight line. 

* Robert Simson (1687-170*^), profesnor of mathematics at CTlasgow; 
author of several works ou ancient geometry, and, in particular, oi an edition 
of Euclid's Elements on which most modern editions are based. 
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Ex. I07. State and prove « true oonverBe of Th. 20. 

Ex. 108. Draw a figure for Th. 20 with P on arc BC; does the proof 
need any modification ? 

'Bz. lOO. What 18 the SimeoD line of A? of the point on the oircum- 
oirde diametrieall j opposite to A ? 

Ex. IIO. AD meets the oiroiuncirole in X; the Sinmon line of X is^ 
parallel to the tangent at A. 

Ex. 111. Al meets the circumcircle in U ; the Simson line of U bi- 
sects BC. 

Ex. lis. If PL meets the eironmcirole in U, All !■ parallel to the 
Simeon line. 

Ex. 113. The altitude from A is proflnced to meet the circnmeircle in 
X, and X is joined to a point P oil the circumcircle. PX meets the Simeon 
line of P in R ; and BC in Q. Prove that R is the mid-point of PQ. 

Ex. 114. In Ex', lid ahow that HQ is parallel to the Simeon line of P. 

Ex. t\%m Tram Bz. 114 dednee Hwt «Im line JolBtiis a pdat on 
IflM etreumelvel* tp thm orlhoeeatre im Ma e et ed hy thm Mmeon Um oT 
11m point. 

Ex. 116. IVovc the last exercise with the following construction : take 
image p of P in BC; joinpH, PX, and prove j>H paruiiei to the Simsou line 
of P. 

Ex. 117. Given fonr straight lines, find a point saeh that its ptojeetions 
on the four lines are ooUinear.. 

Ex. 118. Given four .straight lines, prove tliat the circumcircle of the 
four triangles formed by the lines have a common point. Show that this ia 
the focus of the parabola that touches the four lines. 
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ExBRdSBS 019 Ohaftsb IY. 

Ex. 119. Given the base, the circamradiuB, and the difference of the 
base angles of a triangle, show how to eonstmct the triangle. 

Ex. 120. Two vertices B, C of a triangle are fixed, and the third vertex 
A moves in a straight line throngh B. Prove that the locus of the ortho- 
centre is a straight line. What \h the locus of the circumcentre ? of tho in- 
ceutre ? of the ceutroid ? of the point where the altitude from A meets the 
oixcumcircle ? 

Ex. 131. If a series of trapezia be formed by drawing parallels to the 
base of a triangle, the locus of the intersections of the diagonals of these 
trapezia is a median of the triangle. 

Ex. laa. The base BG uf a triangle ABC is divided at P, so that 
mBP=:nPC ; prove that 

mAB^ + M AC^ = (w + n) (APHBP. PC). 

£x. 198. The lines joining the eiieameentre to the vertieeB of a triangle 
are perpendicnlar to the sides of the pedal triangle. 

Ex. 1S4. Oonstmet a triangle, given : 

(i) two sides and a median (2 cases), 

(ii) a side and two medians (2 oases), 

(iii) the three medians, 

(iv) the base, the difference of the two sides, and the difference of 

the base angles, 

(t) the base, a base angle^ and the sum or difference of the two 
other sides, 

(vi) the base, tho vertical angle, and the sum or dilference of the 
two other sides, 

(▼ii) the feet of the three perpendiculars, 

(viii) an angle, an altitude and the perimeter (2 cases), 

(ix) a side, one of the adjacent angles, and the length of the bisector 

of this angle, 
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(x) the Bum of two aides, and ihe anglee, 

(xi) the perimeter and the angles, 

(xii) an angle, the length of its bisector, and one of the altitodcs 

(2 cases), 

(xiii) the angles aud an altitude, 

(xiv) tb(^ bit so, t ho sum of two other aides, and the differenoe of the 

base angles. 

Ex. ISS. Gonstraet a triangle having given the orthooentre, the ciicnin- 
ooitie, and the position (not length) of one of the sides. 

Ex. lae. Construct a triangle given the oircnmoircle, the orthooentre 
and one vertex. 

Kx. 127. The magnitude of the angle A of a triangle ABC, and the 
leugtliB of the two medians which pass through A and B are known. Oon- 
stmot the triangle. 

Ex. 128. The median through A of the triangle AEF makes the same 
angle with AB as does Aa with AC. 

Ex. 129. If perpendiculars OX, OY, OZ be drawn from any point O to 
the sides BC, CA, AB of a triangle, 

BX- + CY2 + AZ2=CX2 + AY2 + BZ2. 

State and prove a converse theorem. 

Ex. ISO. If liX, I2Y, I3Z he drawn perpendionlar to BC, CA, AB respec- 
tively, these three lines are concurrent. 

Ex, lai. Let Al produced meet the circumcirole in K. Prove that 

KB^KC=KI. 

Draw KK', a diameter of the oiroumcirele ; and draw lY x to AC. Prove 
that AS K'KC, AIY are simOar. 

Hence show that lA. IK^2Rr ; i.e. that the rectangle contained by the 
segments of any chord of the ciroumdrcle drawn through the incentre=2Rr. 

Ex. 182. rranBz, 101 dednee that SI^=R3-2Rr. 



Ex. 133. Upon a givrn strai^'ht line AB any triangle ABC is described 
having a given vertical angle ACB. AD, BE are the perpendiculars from 
A, B upon the sides BC, CA meeting them in D and E respectively. Prove 
that the cinmmoentre of the triangle CED is at a constant distance from 
DE. 
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Ex. 18«. The triangle ABC baa a right angle at C, and AEFB, ACQH 
are squares described outside the triangle. Show that if K be taken on AC 
(produced if neeessaiy) so that AK is equal to BC, then A is the oentroid of 
the triangle HEK. 

Ex. 186. If four circles be dravin, each one toucliin*^ three aides of a 
given quadrilateral, the oentres of the four circles are oonc^dic 

Ex. 189. The orthocentre of a tiiangle ABC is H, and the midde point 
of BC is D. Show that DH meets the cixenmeixele at tlie esad of the diameter 
through A, and also at the point of intersection of the oiroumeiiele with the 
circle on AD as diameter. 

Ex. 137. ABC is ft triangle, right-anj^'Ieil at A; DEF is a straight line 
perpendicular to BC, and cutting BC, CA, AB in E, F, D respectiTely. BF, 
CD meet at P. Find the locus of P. 

Ex. 138. Two fixed tangents OP, OQ are drawn to a fixed circle; a 
vaariable tangent meets the fixed tangents in X, Y. Prove (i) that the peri- 
meter of the triangle OXY is constant, (ii) that XY subtends a fixed angle at 
the centre of the circle. 

Ex. 199m Prove that Z SAH ia the difference between the angles B and 
C. Hence construct a triangle, having given the nine-points circle, the 
orthocentre, and the difference between two of its angles. Is there any 
ambiguity ? 

Ex. 140. The lines joining I to the ex-centres are bisected by the cir- 
comcirole. 

Ex. 141. The circle BIC cats AB, AC in E, F; prove that EF tonohes 
the in-cirole. 

Ex. 142. The trian^'le formed by the circumcentres of AHB, BHC, 
CHA is congruent with ABC. 

Ex. 148. Through C, the middle point of the arc ACS of a chrale, any 
chord CP is drawn, catting the straight line AB in Q. Show that the locas 
of the centre of Ae circle cucnmsoribing the triangle BQP is a straight 
line. 

Ex. 144. A circle is escribed to the side BO of a triangle ABC touching 
the other sides in F and G. A tangent DE is drawn parallel to BC, meeting 
the sides in D, E. DE is found to be three times BC in length. Show that 
DE is twice AF. 
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Ex. 145. Two triangles ABC, DEFftre inscribed in the same oiioLe so 
that AD, BE, CF meet in a point O ; prove that, if O be the in-ee&tre of 
one of (be tmngles, it will be the orthooentre of the other. 

Ex. 146. If equilateral triangles he described on the sides of a triangle 
(all outside or all inHiile), the lines joiniii<j the vertices of the triangle to the 
verticeB of the opposite equilateral triangles are equal and concurrent. 

Ex. 147. If on the sides of any triangle three equilateral triangles be 
eonetmoted, the in-eentres of these triangles form another eqnilateial 
triangle. 

Ex. 148. Construct a triangle having given the centres of its inscribed 
oirde and of two of its ex-oiroles. 

Ex. 149. The circumcentre of the triangle BI^C lies on the ciroumcircle 
of ABC. 

Ex. IftO* (Tonstmet a triangle given the base, vertloal angle and in- 
radius. 

Ex. 161. A pair of common tangents to the niue-pointa circle and oir* 
oomoirole meet at the orthoceutre. 

Ex. isa. On tlio sides AB, AC of a triangle ABC any two points N, M 
are taken concyclic with B, C. If NC, MB intersect in P, then the bisector 
of the angle between AP and the line joining the middle points of BC, AP 
makes a constant angle with BC, 

Ex. 168. Any line from the orthocentre to the cirenniference of the 
drcnmcirele is bisected by the nine-points oiicle. 

Ex. 154. If P be any point on the circnmcirclc and parallels to PA, PB, 
PC re'^p»'Ctively be drawn through a, ^"i, 7, the mid-points of the sides, prove 
that these parallels intersect in the same point on the nine-points circle. 

Ex. 166. If perpendicuUrs are drawn from the orthocentre of a triangle 
ABC on the bisectors of the angle A, show that their feet are coUiuear with 
the middle point of BC. 

Ex. 166. If two circles are such that one triangle can be inscribed in 
the one and circumscribed to the other, show that an infinite nnmber of 
such triangles can be so constructed. 

Prove that the locus of the orthocentre of these triangles is a circle. 
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Ex. 1^7. The trian^e ABC has a right angle at A. AD is the perpen- 
dienlar from A on 6C. O, are the centres of the oinlea inseribed in the 
tiiangleB ABD, ACD respectively. Prove that the triangle ODO' is similai to 
ABC. 

Ex. Ifi8. If D, E, F bp the feet of the porpendicnlars from a })oint on 
the circumcircle upon the sides, (he position of the point so that DE 
may be equal to £F. 

Ex. 169. From P, a point on the eircnmoirole of a triangle ABC, perpen- 
diculars PL, PM, PN are drawn to the sides. Prove that the rectangles 
PL . MN, PM . NL, PN . LM axe proportional to the sides B6, CA, AB. 

Ex. 160. The Simson line of a point P rotates at half the rate at 
which P rotates abont the centre of the circle. 

Ex. The Simson lines of opposite ends of a diameter of the 

eiroiimcirele are at right angles to one another. 

Ex. 162. Find the three points on the circle cirrnmscribing the triangle 
ABC Huch that the pedal lines of the points with respect to the triangle are 
perpendicular to the medians of the triangle. 

Ex. las. P, Q, R are three points taken on the sides BC, CA, AB 
respeetively of a triangle ABC. Show that the circles circamscrihing the 
triangles AQR, BRP, CPQ meet at a point, which is fixed relatively to the 
triangle ABC if the angles of the triangle PGtR are given. 

If PQR is similar to ABC show that this point is the orthocentre of PGIR 
and the circumcentre of ABC. 

Ex. IM. A straight line AB of constant length has its extremities on 
two fixed straight lines OX, OY respectively. Show that the loons of the 
orthocentre of the triangle OAB is a drele. 

Ex. 165. Find the locus of a point such that its projections upon three 
given straight lines are coUinear. 

Ex. lae. The circnmcirde of the triangle formed by any three of the 
fonr oommon tangents to two oiroles passes through the middle point of the 
line joining their centres. 

Ex. 167. If one of the angles of the triangle be half a right angle, 
prove that the line joining the orthocentre to the centre of the circumcircle 
is bisected by the lino joining two of the feet of the perpendiculars from 
the angles upon the opposite aides. 



Digitized by Gopgle 



44 



THB TBIANOLE 



Ex. IM. B, C MB lizod pmnts, A a wiable pomi on a fixed drole wbicb 
passes tlirongh B and C. Show thai the eentres of the four eiidee which 
touch the sides of the triangle ABC aie at the extramitieB of diametere of two 
other fixed ciioles. 

Ex. The bisector of the angle BAC meets BC in Y ; X is the point 

on BC saoh that BX^YC, XCs:BY ; prove that 

AX«-AY>»(AB-AC)>. 

Ex. X70. ^ straij^t line PQ is drawn parallel to AB to meet the circmm- 
cirde of the triangle ABC in the points P and Q ; show that the pedal 
lines of P and Q interseot on the perpendionlar from C on AB. 

Ex. 171. From a point P on the oireomoiiole of a triangle aie drawn 

lines meeting the sides in L, M, -N, and making with the perpendieolars to 
these sides equal angles in the same sense. Show that L, M, N are ooUiaesr. 
What does this theorem lead to when the equal angles are Wf 

Ex. 172. If, with a given point P, lines LMN, L'M'N' aro drawn as m 
the preceding exercise, by taking angles 0, prove that the angle between 
LMN and L'MWis 

Ex. 178. Prove that the envelope of all lines LMN (see Ex. 171) 
obtained from a fixpd point P by varying the angle is a parabola with 
focuB P and touching the sides of the triangle. What relation does the 
Simson line bear to this parabola? 

Ex. 174. Prove that all triangles inscribed in the same circle equi- 
angular to each other are e^ual in all respects. 

Ex. 176. The altitude of au equilateral triangle is cijual to a siile of an 
equilateral triangle inscribed in a circle described on one of the sides of the 
original triangle as diameter. 

Ex. 176. ABC, ABC aie two triangles eiiuiaugular to each other 
inscribed in a circle AA'BB'CC'. The pairs of sides BC, B'C; CA, C'A'; 
ABy A'B' intersect in a, b, c respectively. 

Pfove that the triangle ohe is equiangular to the triangle ABC. 

Ex. 177. Prove that all triangles described about the same olrele eqoi- 
angular to each other are equal in all respeots. 
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Ex. If ABC. A'B'C be two equal triangles described aboat a circle 

in (be sune avm; and the pairs of tides BC, S'C; CA, C'A'i AB, A'B' 
meei in 6, e lespeotiTely; than a, d, e ase equidistant from the eentre of 
the arete. 

Ex. 179. P is a point on the circle circumscribing the triangle ABC. 
The peH&l line of P cuts AC and BC m M and L. Y is the foot of the 
perpe nd i enl a f fifom P on the pedal hue. ProTe that the rectanglea PY, PC, 
and PL, PM aze equaL 
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CHAPTER V. 

THE TUEOKEMB OF CEYA AND MENELAUS. 

Lbmha 2. 

If two triangles have the same height, their areas are 
to one another in the ratio of their bases. 

The proof is left to the reader. 



Tu£OB£M 21. 

(The Tueoreu op Ceva*.) 

If the lines joining a point O to the vertices of a 
triangle abc meet the opposite sides in x, Y, z, then 

' ' BZ ^ ~ ^' the sense of lines being taken into 
account. 

* The theorem was first published bj Giovanni Ceva, an Italian, in 
1678. 
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fig. 26. 

By drawing various figures and placing the point O in the 
7 possible different regions, the reader may see that of the ratios 
BX CY AZ 

— y — , — , either 3 or 1 must be negative. The product 

C/v AY 

therefore is negative; and, for the rest, it is sufficient to conline 
our attention to the numerical values of the ratios. 




fig. 27. 

BX _ A ABX AOBX 
CX~ AACX AOCX 
- ^ ABX- A OBX 
~ AACX- AOCX 

_ l:. AOB 

" a a'oc* 

A BOG 



Similarly x-; = 



.Lemma 2 



AY" ABOA* 
AZ_ ACOA 

BZ ~ ACOB ' 

. BX CY AZ 

• CX • AY • BZ " (numerically), 

= — 1 when sense is taken into account. 
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Thborbm 22. 
(CoNVEasB OF Cbva's Theorem.) 
If points X, Y, z are taken on the sides BO, OA, AB of a 

BX CY AZ 

tiian^e, such that ^ - ' bz'^""^' ^ AX, BY, cz 
concurrent. 



If AX, BY, cz are not concurrent, let BY, CZ meet in O, and 
let AO (produced if necessary) meet BC in X^ 

^ BX' CY AZ , V 
^*^^CX' AY-^ = -l <^^»-> 

But = 

CX AY BZ 

?^ = ~ (sense being taken into account). 
GX CX 

.'. X' coincides with X, 
and AX, BY, CZ are concurrent. 

BX' BX 

Ex. ISO. If = 7777 , when sense is not taken into aoooaut, can it 

(/A 

be inferred that X' ooinoides with X ? 

Ex. 181. UBing Ceva or its converse (be careful to state whick you are 
using), prove the concurrence 

(i) of tile uiedians of a triangle; 

(ii) of the hiseotors of its angles; 

(iii) of its altitudes. 

Ex. 182. If AZ :ZB=AY:YC, show that the line joining A to the 
intersection of BY and CZ is a median. 
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, Ex. 188. X, X' are points on BC such that BX = X'C. The points 
Y, Y'; Z, Z' are similarl^^ rehited i)air8 of points on CA, AB, If AX, BY, 
CZ are concurrent, so also are AX', BY', CZ'. 

Ex. 184. The lines joining the vertices to the points of contact of the 
in-cirde with the opposite sides are concurrent. 

Ex. 188. The lines joining the vertices to the points of contact of the 
corresponding ex-ciides with the oj^osite sides are conenizent. 

Theorem 23. 
(The Thbobbh of Hbnblaus*.) 
If a straiglit line cuts the sides of a triangle ABC in 

BL CM AN , « . . ^ 

L, M, N, then — . — . — = + i, tlie sense of imes being 

CL AM BN 

taken into account. 




Then 



As in Ceva's theorem, the reader may satisfy himself that 

of the ratios ~ ^J^ , , either 2 or 0 are negative. The 

product therefore is positive. For the rest ot the proof the t 
sense of lines will be disregarded. 

Let the perpendiculars from A, B, C upon LMN be of lengths 

^» r- 

BL_y3 CM y AN _ a 
CL~ y' AM ~ a' BN " j8* 

. BL CM AN , . I, 

. . — . — . — = 1 numerically 
CL AM BN ^ 

s + 1 when sense is taken into account. 

* Menelam of Alexandria, aboat 98 a.d. 
G.B. M.a. 4 
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Theorbm 24. 
(Tbb Converbx of Mrnblaus' Theorem.) 
If points L, M, N are taken on the aides BC, ca, ab 

- . . . .... BL CM AN ^ .m ... &i 

Of a triangle, Buoh that ^. . -+ !• then are L, M, N 

^ ' CL AM BN 

collinear. 

The proof is left to the reader. 
Ex, Prove theorem 34. 

Ex. 187. Use the above theoreniB to prove the theorem of the Simson 
line (Ih. 20). 

[Let / PAB=^, then AN^APoos^, etc.] 

Ex. 188. If points Q, R are taken on AB, AC so that AQ = 2QB, 
AR = i RC, and GlR produced meets BC in P, find PB : PC. 

m 

Ex. lae. The bisectoni of Z s B and C meet the opposite sides iu Q, R» 
and QJR meets BC in P; prove that AP ia the exterior biseotor of jL A. 

Ex. 190. a, /J, 7 are the mid-points of the sides ; Aa meets ^87 in P ; 
CP meets AB in GL Show that AGl=|AB. 



Exercises on Chaptbe V. 

Ex. lai. a straight line cuts the sides BC, CA, AB of a triangle in 
L, M, N respectively. The join of A to the intersection of BM, CN meets BC 
in P. Show that BC is divided in the same ratio at L and P. 

Ex. lea. The sides BC, CA» AB of a triangle ABC are divided m- 

terually by points A', B', C so that BA' : A'C=:CB' : B'A=AC' : C'B. Also 
B'C produced cuts BC externally in A". Prove that 

BA":CA"=CA'«:A'B8. 

Ex. 193. Points P, arc taken on BC such that PB^CP', and CB, 
AB, AC arc Inserted in O, K, L respectively. Prove that the intersections of 
OL with AP and of KP with LP' are colUnear with B. 

Ex. 194. X is any point on llj ; BX» CX meet AC, AB in O, R ; QR 
meets BC in U. Show that Ul^la is a straight line. 
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Ex. 106. The lines EF, FD, DE, which join the points of contact 
D, E, F of the inscribed oircle of a triangle with the bides, cut the opposite 
sides in X, Y, Z. Prove that X, Y, Z are collinear. 

Ex. 106. A transversal through P, on BC produced, cuts off equal 
leugtha BR, Oa from the aides AB, AC of a triangle. Show that 

PQiPRsAB:AC. 

Ex. If AD, BE, CF are ooneureiit Btrai^t lines meeting ihe 

aides of the triangle ABC in D, E, F vespeetiTely, and the oirole DEF outs 
the odes again in D', E', F', pfOTe that AD', BE', CF' are oonoonent. 

. Ex. Through a point F on the diagonal BD of a square ABCD 

lines axe drawn parallel to the sides to meet AB in Q, BC in E, CD in K, 
and DA in H. Prove that BH, CF, and DG are oonenrrent. 

* 

Ex. 100. ABC is a triangle right-angled at 0 ; P is any point on AB. 
Perpendienlars are 1^ fall from P on CA and CB. The line joining the feet 
of these perpendiculars meets AB in Q. Prove that 2PC. PQ=PA. PB 
where O is the mid-point of AB. 

Ex. 200. DEF is the pedal triangle of ABC ; O lies on AD; OE, OF 
meet DF, DE in Y, Z. Bhow that FE, YZ, BC are concurrent. 

Ex, 201. S is a point on the side QR of a triangle PQR. The lines 
joining S to the mid-points of PQ, PR meet PR, PQ at T, U respectively. 
TU meets QR at V. Prove that QV : R V = SQ- : RS'-J. 

Ex. 203. If the in-cirole touch AB in Z, and the cii cl ' escribed to BC 
touch AC in Y^, then Z Yi is divided by BC in fche ratio AC : AB. 

Ex. BOB. A line drawn through the vertex A of a square ABCD meets 
the Bides BC, CD in E and F ; DE and BF meet in Q ; CO meets AD 
in H. Ftove that DFsDH. 

Ex. ao4. The sides A B, CD of a quadrilateral ACDB are parallel; CA, 
DB meet in E, CB, AD meet in H, and CB, AD meet FEQ, a parallel to AB. 
in G and F respectively. Show that AO, BF, and EH are concurrent. 

4—2 
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Ex. fl05. The line CF outs the ride AB of a triangle ABC in a pobt F 
BOoh that AF : FB=ii : 1; and lineB aie drawn through A and B paiaUel to 
the opporite flidea. Show that the ratios of the area of the triangle fomifld 
hy these lines and CF to the area of the triangle ABC is (1 -n)' : n. 

Ex. 9M. D, E, F are points on the sides of a triangle ABC, and AD, 
BE, CF meet in O. Prove that 

CD OE CF 

AD'*'BE'**CF""^' 
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HARMONIC SECTION. 

IThroughaut thu chapter, the aente of lines toiU be taken into aeeount*] 

DeJinilU/H. If «'i stiaiglit line AB is divided at two points 
AC /AD 

C, D SO that ^/^^-l, it is said to be divided har- 

CB/ DB 

monically ; A, B, d are said to form a harmonic range \ 
and c and D are called harmonic coi^ngatea with respect 
to A and B. 

Note that the above dctiiiition is the same as the following. If a straight 
line is divide 1 intcrnailj and externally in the uame ratio, it is said to he 
divided harmonicuUj. 

AC 

Ex. S07. Take a line AB 6 cm. long ; divide it at C bo that ^ =2 ; 

find the point D such that C, D divide AB haimonioaily. 

Ex. aoa. Repeat Ex. 207 with (i) ^^ = 1, (ii) - 2, (iu) 



Ex. a09. If AB is divldad haxmonteally at C, "D, thMi OD to 
dMdad luoaMOtealty at A, 8. 

Ex. 210. Draw a scalene triangle ABO; duiw lIio internal and external 
bisectors of the angle at O and let them cut the base in 0 and D. Calculate 

(from actual measurements) ^/ Is A, G, B, D a harmonic range? 

Ex. 211. Frove that the internal and external bisectors of an 
angle of a triansto divide tbe opposite side of tbe triangle har- 
monically. 



Digitized by Google 



54 HARMONIC SECTION 

D^tnUion, If A, C, B, D be any four points in a straight 

line, ^ is called their cross-ratio and is written {AB, CD}. 
CB/ DB \ t t 

{The eros8>ratio {AB, CD} is Ihe ratio of the ratios in whioh C and D 
dlYids AB.] 

We see that, if {AB, CD} =—1, A, 0, B, D is a harmonic 
range. 



Theorem 25. 

112 
If {AB, CD} - - 1, then + ivr - . 

* ' AC AD AB 



A G B 

fig. 80. 

Let AB = X, AC - 7/, AD = s. 
If {AB, CD} = - 1, 



x — yj x — z 



:. yx — yz = ^xz + yz, 
.*. xz + yx= 2yz. 
.112 
y z X 
1 1 _ 2 
'•^ ac'*'ad"ab- 

AC, AB, AD are in harmonic progression; hence the name 
'harmonic range.' 

Ex. 9 IS. Prove that the same property is true for the distanoes measmed 
from any one of the four points. 
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TflEOREtf 26. 

If AB is divided harmonically at c, d, and if o is the 
mid-point of AB, then oo. OD = OB'. 

O 

' I I I I — 

A C B O 

fig. SI. 

Ij&t OB=^bf 00 = c, 00 = d; then AO = 6. 

If {AB, CD} = - 1, 

then ^^/^o = -l. 
• OB/ DB 

, b + c lb + d _^ - 

i^db^d'^^' 

6 — b-d' 

b^ + bc — bd-cd~-b^-bd + bc-¥ cd, 

i*e. OB^==:OC.OD. 

Ex. 218. Prove the converf^c nf Ww al ove proposition, namely, that if 
O is the mid.poiat oi AB and OC . 00=QB^ then {AB, C0}=: -1. 

Kx. ai4. If {AB, CD} = - 1 and P is the mid-point of CD, then 

PA . PB = PC2. 

Ex. SXS. If AB is divided harmonieaUy at O, D and if O is the mid- 
|K>int of AB and P of OD, prove that OB'^ PC<=0P2. 

Ex. 216. li ; AB, CD}= - 1, what is tlie position of D when C coincides 
with (i) A, the mid-point of AB, (iii) B, (iv) the point at intinity. 

Ex. a 17. Prove that if AOBD be a harmonic range and if O be the 
middle point of CD, then ACis to CB as AO to 00. 
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Ex. ai8. P, Q divide a diameter of a circle harmonically; P', divide 
another diameter harmonioalljr ; prove that P, P', Gt, Q! are oougjoUc. 

Ex. If X, Y, Z are the points at whioh the in-oirole of a txiangle 

ABC toaehee the sidee, and if YZ piodtused cats the opposite aide in X\ 
then X and X' divide that side harmonioally. 

[Use Mendans' Theorem.] 

Ex. 2 20. Prove the same theorem for the points of contact of one 
of the ex-circles. 



Ex. 991. On a straight line take four points A, C, B, D such that 
AC=l-6 in., CB=0-8 in., BDs3-4 in. What is the value of {AB, CD}? 

Take auy point O outside the line. Draw a stiiuglit liue parallel to OD 
cutting OA, OB, OC at P, Q, R. Find experimentally the value of the 
ratio PR/RQ. 

Again draw paiallels to OA, OB or OC 111 turn, and try to discover 
a law. 

Ex. 222. {AB, CD}== -1; O is any point outside the line AGBD; 
through 0 draw PCQ parallel to OD cutting OA, OB at P, Q. Prove 
PG = CQ 

[By means of similar triangles express PC/OD in terms of segments of 
the line AC BO, and then express CQ/OD in the same way.] 

Ex. 998. Prove the oonverse of Ex. 222, namely, that if PCsCQ 
fhen{AB, CD}a-l. 

Ex. 22-1. Draw ACBD as in Ex. 221; take any point O outside the line 
and join OA, OC, OB, OD; draw a line cutting tliese lines at A', C, B', D , 
measure and calculate {A'B', CD'}. Bepeat the experiment for another 
position of A'C'B'D'. 

Ex. 226. If a point O be joined to the points of a harmonic range 
ACBD and these lines he cut by a straight line in A', C, B', D'; prove 
that {A'C'B'D'} is harraouic. 

[Through O and O' draw parallels to OD, and use Exs. 222, 223.] 

Definition. A system of lines thi-ough a point is called a 
penclL The point is called the vertex of the pencil. 

Definition. Any straight line drawn across a system of lines 
is called a transversal. 
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-Theorem 27. 

If a transversal cuts the four lines of a pencil at 
A, B, o, and if ACBD is a harmonic range, then any 
other tranaversal will also be divided harmonically. 




fig. 32. 

Let O be the vertex of the pencil. 

Let a straight line cut the ra^'s of the pencil at A', C', B', D'. 

ThrouErh C and C' draw straight lines jj to CD, cutting OA 
at P, P aud OB at Q, a'. 

*.* PO is II to OD. 

As APC, AOD are similar. 

AC _ PC 

ad"6d' 

also As BQO, BOD are similar. 
. CB QC 

DB^^OD* 

Siuoe {AB, 00} = - 1, 



v{ab,od}=-i 

PC = OQ 



cb/db" 



AO 

AD 

PC 

oo 



CB 

DB 

QC 



oo 
pc = oa ' 
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O 



A/ c/ 


8 \0 




Q N 


/ ^ 
/ % 


^ — ^ 


# * 


Of 


fig. 32. 



/. P C' = C'Q' 



Now 



P|C' 
PC 



OC' C'Q' 

oc ca 



P'C = C'Q'. 



And from similar triangles as before, 



and 



AD' 



C'B' 



P'C 



/ > 



QD 



D'B' CD' • 



/, {A'B', C'D'} = -1^ 



A'C^ 
A'D' 



C'B' 



A'C /iVD' 
C'B'/ D'B' " "* 



[A' 8/ C'D'J is a harmonie range. 

Di'finjfhm. Tf a pencil of four lines divides one transversal 
(and theretore every tiansversal*) liarmonically, the pencil is 
called a harmonic pencil. 

0{A8, CD* ^ " 1 denotes that the pencil OA, OB, OC, OD is 
harmonic ; 00 and 00 are called harmonic conjugates with 
respect to OA and OB. 



* This follows from the proposition just proved. 
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NoTK ov Theorem 27. 

From Theorem 26 it is pasy to show that if C and D arr haraioiiio 
conjugates with reRpect to AB, and if D is at infinity, then C ib the mid- 
point of AB. [See also p. 8, § 3 (iii}.J 

In the course of proving Theorem 27 we saw that a transversal PQ 
parallel to OD is bisected by OC; it should be noticed that this is a 
particular case of the theorem ; for, since PQ is parallel to OD it cuts 
OD at infinity; therefore C and the point at infinity are harmonic con- 
jogates with respect to PQ; therefore C is the mid-point of PQ, 



Theorem 28. 

The internal and external bisectors of an an^e are 
harmonic conjugates with respect to the arms of the 
angle. 

The proof is left to the reader. 



Theorem 29. 

If {AB, CD}=-1 and o is a point outside the Une such 
that L COD is a right angle, then CO, OD are the bisectors 

Ol ^AOB. 

Tbe proof is left to the reader. 

Ex. aae. What line is the harmonio conjugate of the median of a 
trianf^e irith respeet to the two sides through the vertex from which the 
median is drawn? 

Ex. 227. If a, /3, 7 are the mid-points of the sides of a triangle ABC, 
prove that a {7^, AC j = - 1, 

Ex. 998. If D, E, F are the feet of the altitudes of a triangle ABC, 
prove that D{EF» AB}ss - 1. 

Ex. 220. If X, Y, Z arc the points of contact of the in-circle and the 
sides of the triangle ABC, prove that X {YZ, AC}= -1. 



Digitized by Google 



60 



HARMONIC SECTION 



Ex. asO» Lines toe diawn ponUel to the sides of a paraUdogrun 
ihrovgh the interaeeCioii of its diaeonaU ; prove that these lines and the 
diagonals foim a hannonie penoU. 

Ex. 231. If A, B, C, D and A', B', C\ 0' are two harmonic ranges and 
if AA', BB', CO' all pass through a point O, then O, D, D' are oolliDear* 



Exercises on Chapter "VX 

Ex. 232. A B, G, D,0, Pare points on a ckole and 0{AB, CD}= - I; 
prove that P {AB, CD} = - 1. 

Ex. 288. The bisector of the angle A of a triangle ABC meets BOin X ; 
prove that AX is divided harmonically bj the perpendionlars drawn to it 
from B and O. 

Ex. 234. Tho pencil foimed by joining the four angular points of a 
square to any point on the circumscribing circle of the square is harmonic. 

E.v. 235. A chord AB and a diamett-r CD of a circle cut at right angles. 
If P be any other point on the circle, P (AB, CD) is a harmonic pencil. 

Ex. 888. a, fi, y are the mid>points of the sides of a triangle ABC, 
Aa and fiy interseet at X, a line is drawn through X ciitting ay, o^, BC at 
Y, Z, W respeetively ; prove that Y, X, Z, W form a harmonic range. 

Ex. 237. Three lines pass through a point ; through a given point on 
one of the lines draw a line that shall be divided into two eqoal parte by 
the other two. 

Ex. 238. Find a point P in a given straight line so that the lines 
joining P to three given points la u plane containing the given line may cut 
oil ou any line parallel to the given line and lying in the aame plane two 
equal segments. 

Ex. 230. If X, Y, Z are points on the sides BO, CA, AB of a 
triangle sucb that AX, BY, CZ are concurrent, SAd if YZ meets BC 
in X' ; tlien is {BC, XX') a liarmonic range. 

Ex. 840. TP, TQ sre two tangents to a circle; PR is a diameter of the 
drde end Q,H is drawn perpendicular to PR. Prove that Q{TPNR} is a 
harmonic pencil. 

Ex. 841. In a triangle ABC the line AD is drawn bisecting the angle A 
and meeting BC in D. Find a point P in BC prodnced either way, sach 
that the square on PD may be equal to the rectangle PB . PC. 



Digitized by Gopgle 



HABUOKIC SECTION 



61 



Fx 249, P is a point on the same gtruglit line as the hamonio range 
ABCO ; prove that 

PA _ PB Pp 
AC~BC^DC* 

Ex. Ma. A, B, C, D aie four points in a straight line ; find two points 
in the line whieb are harmonio coujagates with respect to A, B and also 
with respect to C, D. 

Ex. 244. ABC is a triangle; thronf^h D, the mid-point of BC, a 
straight line PDQR is drawn cuLiiDg AB, AC in P, Q respectively. AR 
is drawn parallel to BC, and outs BQ at S. Prove that AR = R$. 

Ex. 245. PAQB is a harruonic rangr, and a circle is drawn with AB as 
diameter. A tangent from P meets the tangent at B in S, and touches the 
circle in T. Prove that SA bisects TQ. 

Ex. MS. Through «(me angle O of a parallelogram OEAF a line is 
drawn meeting AE and AF, both prodnoed, in B and C respect] vriy. 
Prove that the area AEOF is a harmonie mean between the areas BOA 
and COA. 

Ex. M7. TP, TQ are two tangents to a eirde ; PR is a diameter of the 
cirele and QN is drawn perpendicular to PR. Prove that ON is bisected 
by TR. 

E.K. 248. If X is any point in AD an altitude of a triaogle ABC, and 
BX, CX produced cut the uppobite sides of the triaugle in Y and Z, then 
/ YDZ is bisected by DA. 

Ex. 249. Prove that tlio lines joining any point on a circle to the ends 
of a fixed chord cut the dinin' tc r perpendicular to the chord in two poiuts 
which divide the diameter harmonically. 

Ex. aso. If A', B', C lie on the sides BC, CA, AB of a triangle and 

AA% BB\ 00* be eoneunent ; and if A" be the harmonic conjugate of A' 
with respect to B, C while B", G" are similarly determined on the other 
aides ; then A", B", G" axe •coUinear. 

Ex. BAl. The lines VA', VB', VC bisect the' internal angles formed by 
the lines j<nning any point V to the angular points of the triangle ABC ; 
and A' lies on BC, B' on CA, C on AB. Also A", B", C" ate harmonio oon- 
jngates of A', B', C with respeot to B and C, C and A, A and B. Prove that 
A", B'', C" are coUinear. 

Ex. 262. The inscribed circle of a triangle ABC'toncbes the sides BC, 
CA, AB in A', B', C respecdvely. Show that the points in whieh the 
circles B'CB and B'C'C meet BC again are equidistant from A\ 
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POLE AND POLAR 

Definition. The line joiiiiiiL.' tlie points at which two tangents 
touch a circle is called their cJiord of contact. 

Ejl. 2 5 3. If tangents are drawn to a circle from an external point, the 
line joining tins point to the centre of the circle biaectis tiie ciiurd of contact 
at right angles. 

Ex, 904. What is the chord of contact of a point on the cireomference? 

Pravisianal Definition* li P and Q are the points of contact 
of the tangents to a circle from a point T, the straight line 

through P and Q is called the polar o£ T, and T is called the 
pole of PQ, with respect to the circle. 

This definition of the polar of a point is meaningless when the point is 
inside the cirele. It will therefore be necessary to find a new definition. But 
before doing so we must prove the following theorem. 
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Theorem 30. 

If the line joining a point t to the centre c of a circle 
cuts the chord of contact of T in N and the circle in A, 
then CN.CTsCA>. 









0 N 







fig. 33. 

Xjet P aad Q, be the points of contact of the tangents from 
Then, in the As CPN, OTP, z. 0 is common, 
and ^ s CNR, OPT are equal (being rt. l s). 

the As are similar. 

* ' CP CT * 
ON . CT = CP2 = CA^. 

J)eJimiion. If T and N are two points on a line, drawn from 

C the centre of a circle, such that CN . CT is ecjual to the square 
on a radius of the circL , and if throucfh N a line XY is (hawn at 
Tight angles to CN, XY is called the polar of T and T is called 
the pole of XY with respect to the circle. 




fig. 84. 
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Ex. ftM. Prove that thia definitioo agrees with the * pvoTiaional defini- 
tion' when T is ootside the eitele. 

Ex. 296. What is the position of Die polar in the foUowing cases: (i) T 
on the circle, (ii) T coincidiug with C, (Ui) T at mhnity ? 

Ex. S57« A and B are two ooneentrie eireles; what is the envelope of 
the polar with respect to A of a point which moves round B? 

Ex. 258. What are the polars of the vertices of a triangle with respect 
to (1) its iucirclc, (ii) its oircumciicle ? 

Ex. ABC is a triangle. A eirde is described with A as centre and 

radius AX soeh that AXS=AB . AF where F is the altitude txom C. What 
lines are the polars of B and C? and what point is the pole of BC? 

Ex 260. If firom a fixed point T any Hne is drawn enttlxicf a 
circle in R and S, prove tbat tJie tangents at R and S in ters ect on 
a fixed line (viz. tbe polar of T). 

[Let X be the point of intersectioTi nf the tangents; draw XN ± to 
the line joniing T to the centre C; let CX cut R8 in K. Prove that 
CN.CT = CK.CX = CS!*.] 

Ex. Prove that any point T and the polar of T with respeet to a 

eirele divide the diameter through T hannonicall^ . 



Theorem 31. 

If a strat^t line is drawn through any point to cut a 
circle, the line is divided harmonically by the circle, the 

point and tlie poiar ol the point with respect to the 
circle. 
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Let T be the pointy TRHS the line cutting the circle at R, S 
and the polar of T at H ; let C be the centre of the circle, and 
let CT cut the circle at A and the polar of T at N. 

Draw CK X to RS ; then K is the mid-point of RS. 

[If we can prove KH . KT = KR^ then {R8, HT} = - L] 

Sense being taken intu ;iccouiit, we see that 

KH.KT = KT (KT-HT) 

= KT«-KT.HT. 

Now in both figures C, H, N are coney clic, because the u s 
at K and N are right angles. 

/. KT.HT^CT.NT. 

/. KH«KT = Kr^-CT.NT 

=:KT*-CT(Ct-CN) 

= KT^-CT2 + CN.CT 

= - CK« + CA* (ON . CT = CA« by def.) 

= CR'-CK* 

/. {RS, HTj is harmonic, 

Ex. 202. If H be tlie liaxmonic coi^usate of a fixed point T 
witli regard to tbe points in wbich a line ttaronsb T cute a fixed 
cirde, the locus of H is a straight line. 

[Use redactio ad absurdum.] 

Ex. 998. If C be tha centre of a dicle, and the polar of a point T cut 
TC in N, and any straight line through T cut the circle in R and then 
the polar biseots the angle RN8. 

Ex. 8M* If a stnughft line TRS cut a drole In R and 8 and ent the 
polar of T in H, and if K be the niid*point of RS, then TR . TS^sTH . TK. 

Ex. 265. The polar of a point O with regard to a circle meets it in 
A, B ; any chord through O meets the oirole in C, D. Prove thftt A,,B, C, D 
sabtend a harraonic pencil at any point of thy circle* 

[CoDHider tiic pencil gubtciided ^t A.] 

6.8. U. 0. 5 
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Ex. aoe. A chord PQ of a circle moTcs so that the angle it sabtends at 
a fixed point O inside the circle ia bisected eztemallj by the diameter through 
O ; pfove that PQ passes through a fixed point. 

Is this theorem trae when O is the centre of the circle? 

Ex. 367. State and prove a theorem corresponding to Ex. 344 for the 
case in ^hich the diameter bisects the angle iaterually, O being still inside 
the oirole. 

Ex. s^a. A chord PQ of a circle moTCs so that the angle it subtends at 
a fixed point O outside the circle is bisected by the diameter which passes 
through O; prove that PQ either passes through a fixed point or is parallel 
to a fixed direction. 

Ls. 260. Prove that, if the i>oints A, B, C, D all lie on a circle, the 
polar of the point of intersection of AG, BO pabseu through the point of 
intersection of AB, CD. 

[Let AB, CD intersect at X, and AC, BD at Y; find Z the harmonic 
conjugate of Y with respect to B, D ; let CA meet ZX in T; prove XT the 
polar of v.] 



Theorem 32. 

If the polar of a point P with respect to a circle passes 
through a point Q, then the polar of Q passes through p. 




fig. 38. 



Let C be the centre of the circle, and QN the polar of P. 

Fruui P thaw PM ± to CQ. 



Digitized by Google 



POLE AND POLAR 



Then Q, M, N, P are concyclic. 

/. CM.CQ = CN.CP 

= CA^. ( •/ QN is Uie polar of P) 
.'. PM is the polar of Q. 

.'. the polar of Q passes through P. 

Ex. 270. Sketch a figure for Theorem '62 with both P and CI Qutside 
the circle. 

Kx. 271. i'rove Lliib theorem by tiie harmonic property of pole and 
polar for the particular case in whidi PQ cuts the circle. 

Bz. 972. IT a veint mowB on a mnigtt Ua* tta polar wlfli rfp»ct 
to a olmiit pmioM fhtcngb, a flzod point. 

£x. 278. Zr a Mndgtt Uno nmoa oo tliat it always paaoeo 
iSisowsb a flasid point, its polo wttb l oo po o t to a oisOte movoo on a 
•tvnight Una. 

Ex. 274. The lin« joining any two points A and B la tbo polar 
of tlio point of Int mo c t io n of tbo pOlaro of A and B. 

Ex. 275. AB. AC touch a circle at B, C. If the tangent at any other 
point P cuts BC produced at Q, prove that Q m the pole of AP. 

Kx. 276. AB, AC touch a circle at B, C ; the tangent at another point 
P on the circle cuts BC at Q. Prove that A{BC, PQ} = - 1. 



5—2 
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Theorem 33. 

Two tangents are drawn to a circle lirom a point a on 
the polar of a point B ; a hannonic pencil is formed by 
the two tangents from A, the polar of B and the line ab. 




iig. a9. 



Let AP, AQ be the taugents from A. 

Since the polar of B passes through A, the polar of A 
(i.e. PQ) passes through B. 

Let the polar of B cut P€t at C. 

Then P, C, Q, B is a iiaimouic range. [Th. 31.] 

/. the pencil AP, AO, AO, AB is harmonic • 

Ex. 277. Prove Ex. 219 by means of Theorem 88. 

Ex. 278. Tttm any point P on a fixed •traigixt lino XY tansenu 
PZ, PW aro dcawa to a olielo ; pcovo that, If PT la aaob tliat tho yonoU 
P{ZW, YT} la baimenle, PT paaooo tmmish a Bxmd pemt. 

[Pioye that the interseoticm of ZW, PT is the pole of XY.] 

£z. 279. Prove that, if the Imea PX, PY, QX, QY all touch a dide, 
then XY passes through the pole of P€L 

[Draw PZ to out XY at Z, such that P{XY, ZQ}» .1* and oonsider 
the peneU Q{XY, ZP}.] 
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An interesting case of pole and polar is that in wliicli the 
circle has an infinite radius. 




fig. 40. 



Let AB be a diameter of a circle, T any point on it and let 
the polar of T cut AB at N ; then TN is divided harmonically at 
A and B. 

Now suppose that A and T remain fixed and that B moves 
along the line TA further and further from B ; in the limit when 

B has moved to an infinite distance, TA - AN (since {TN, AB} - — IJ; 
and the circle becomes the line at infinity together with the line 
through A at right angles to TN. 

Thus the polar of a point T with respect to a line (regarded 
as part of a circle of infinite radius) is a parallel line whose 

distance from T is double the distance of the given line from T. 

Bx. S60. Into what do the following ptoperHw degeneiate In the earn 
In whieh the circle has an infinite radius: (i) Theorem 81, (ii) Ex. 202» 
(in) Ex. .872, (!▼) Ex. 278? 

ExfiBCISES ON ChAPT£K YII. 

Ex. Through a point A within a ctiele are drawn two chords 

PP', QQ'; show that PQ, P'Ct' subtend equal angles at B, the foot of 
the perpendlenlar from A to the polar of A with respeet to the eirde. 

Ex. 382. TP, TQ uie two tangents to a circle ; prove that the tangent 
to liie cLrole from auy point on PQ produced ib divided harmouieallj' hj TP 
and TQ. 

Ex. 283. The tangpnts at two points P and Q of a circle intfrsect at 
T ; HTK is drawn paralh l to the tani^'ent at a point R, and meeto PR and 
GlR in H and K respectivelj ; prove that HK is bisected in T. 
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Ex. 884. From a point O a line is drawn ontting a oirele in P and R 
and the poiar of O in Q ; if N is the mid-point of PR and if the polar of O 
meets the eirole in T and T\ show that the eiroles TQN, TQH tonoh OT, 
OT' respeetivelj. 

Ex. 285. A fixed jioint A is joined to anj point P on a cirfln. AQ is 
drawn to (-nt tho tanpoiit at P in Q ho that z PAQ z APQ, AQ is pro- 
duced to R and QR - AQ ; prove that R lies on the polar of A. 

Ex. S86. From a point O aie drawn two straight lines, OT to toaeh a 
given circle at T and OC to pass through its centre C, and TN is drawn to 
cnt OC at right angles in N. Show that the oirele which tonehea OC at O 
and passes through T eats the given circle at a point 8 sneh that the straight 
line TS produced bisects NO. 

Ex. 287. AOB, COD aro eliords of a circle intersect itif^ in O. The 
tan^'cnts at A and D meet in P, and the tangents at B and C meet in Q. 
Show that P, O, Q are collinear. 

Ex. ass. The product of the perpendioolam on anj two tangents to a 
Qirde from any point on its circumferenee is equal to the square on Hbe 
perpendicular from the point to the chord of contact. 

Ex. 2Q9, I is the centre of the incirclc of a trinn^'le ABC; lines through I 
perpendicular to I A, IB, IC meet the tangent at P to the incircle in D, E, F 
respectively. Find the positions of the poles of AD, BE, CF with respect 
to the incircle: and hence (or otherwise) prove that these three lines are 
concurrent. 

Ex. The distances of two points from the centre of a circle are in 

the same ratio as their distances each from the polar of the other with 
respect to the circle (Salmon's theorem). 

Ex. 291. The harmonic mean of the perpendiculars from any point O 
within a circle to the tangents drawn from anj point on the polar of O is 
constant. 
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SIMILITUDE. 

1. In elementary geometry* we have seen that, if a point 
O is joined to each vertex of a sfiven polygon, and if each of the 
joins is divided in the same ratio, these points of division are 
the vertices of a similar polygon. 

Etztending this principle, we see that, if a poini O is joined to 
a point P, cmd OP is dimded in a fiix^d ratio a« P describes 
a given figure (confiisft^ig of any number of lines and curves), the 
point Qi tvill describe a similar figure, 

Ex. aOS. Draw a eirole of ladiag 4 cm. ; mark a point 0, 10 cm. from 
its centre ; if P is any point on the cirele plot the loeaa of the mid-point 
of OP. 

Ex. 293. Prove that the locus is a circle m Ex. 292. 

Ex. 204. P is a variable point on a fixed circle whose centre is O ; a 
point Q is taken on the tangent at P, such that angle POQ is constant ; 
what is the locus of Q? 

Ex. 295. Draw a triangle ABC having BC = 8 cm., CA=:6 cm., 
AB = 7 cm. ; mark a point P 4 cm. from B and G cm. from C. The triangle 
is now rotated about P through a right angle, to the position fthc ; explain 
how you determine the points a, b, c and &nd what angle ac makes with AC. 

2. If a figure is rotated about a point O throi/gh any angle a, 
the angle throm/h which any line in the figure has been rotated 

the angle between tlie new position and Uie old) is a. 

* Godff^ and Siddons* EUmentafy Geometry, 17. 9« 
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3. Again snpp<m O affixed paint and P any point on a given 
figurey and Q a point mi/6k thai OQ i09 = kx 1, and L POQ — a 
{k and a being comtanlB); aa P deacribw any figure^ Q unU 

describe a similar figure. 

For suppose Q' a point in OP such that OQl : OP « : 1, 
-will describe a figure similar to the P** figure; and if we now 
rotate the '^Q'" figure about O through an angle a it will 
mncide with the *'.Q'' figure. 

Ex. ase. P b A variable point on a fixed oirole» O sny point inside it ; 
PQ is drawn at right angles to OP and OQ makes a fixed angle (slwajs 
taken In the same sense) with OP. TVbat Is the loens of Q ? 

4, ^ ABC, DEF «re two timUar triangles with their corre- 
sponding aides pandld, then AD, BE, OF will be eoneurreni. 




fig* 41* iig. 42. 



For if AD and BE cut at O, OA ; OD ^ AB : DE; and if AD and 
CF cut at O', O A : O D - AC ; DF = AB : DE = OA : OD i .'. O and O' 
coincide. 

Extending this we see that, if ABOD ... A'B'C'D' ... are tioo 

ftimrhtr rectilinear figures rmth their corresponding sides parallel^ 
AA', BB', CO', DD', ... arr concurrent : or going a step further we 
see that the same is true even wlieti tJte figures consist oj' curves as 
well as straight lines* 

When two similar figures are so placed that the join of each 

' pair of })oint.s in the one tigure is parallel to the join of the cor- 
responding pair of points in the otlicr figure, the two figures are 
said to be similarly situated and the point of concurrence of 
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the lines joining corresponding points is called the centre ofj 
aimilitade. 

In tho case o£ triangles we iiave seen that AO is divided 
(externally or internally) in the ratio of AB : OE. 

So in the ffeneral cem the emtre of similitude dimdes the joina 

oj correspoiidiiiy p(rinlH in tJie ratio of tJie linear dimensiojm of the 
two fufures* 

Ex. a07. Draw a careful ligure of two similar and similarly Bituated 
circles; indicate several corresponding points and draw the tangents at a 
pair of such points. 

Ex. 298. L)iaw (or plot) an accurate parabola. Draw a .similar and 
Bimilarh' nituatrd curve, (i) when the centre of similitude is on the axis, 
(ii) when it i& not on the axis. 

Ex. 909. If any lla* tl»pvgli tiM centre of simllitii4e off two 
cnrres eats them at ooRMpoBdlas pointe P mad tba taacmts at 
P and P are paraltoL 

Or in other words, any Vtam thvonsb Hi* cmtta of slailitiido of 
two ovrvM eats tiMat at fho aasM aagto at oorfapomflliig poiata. 

[Use the method of limita,] 

Ex. 800. Zf O la a centre of aimilltude of two eurveS| a t an gen t 
ftom O to althar of tua tnaewm tooAoa tho otiior oorvo, aa4 tiM volata 
of eonftaot aio norrMffnnilliig pelata. 




fig. 48. fig. 44. 



5. In the case of two circles there are two eerOree of eimilitudef 
viz, the points which divide the line joining the centres externally 
and intemaUff in the raiio of the radii. 

In fig. 44 the constant ratio is negative. 
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Ex. 301. If a circle A touches two circles B, C at points P, Q, 
prove tliat PQ passes ttiroasli a centre ot similitude of tlie circles 
B, C. 

Note tbat there am two oases. 

V,x. 3 02. ProTe that tlie common tangents to tiro dSdM PMS 
tturoii4Kh one of their centres of "f*"l"*^''^r 

Ex. aos. What is the centre of simiUtode of a line and a drde? 
Have thej two eentres of simiUtadef 

£x. 80€. Have two parallel linen a centre of similitade? 

Ex. 806« Have two interseGting lines a oentre of sSmiUtade? 



Exercises on Chapter VIII. 

Ex. 806. A triangle ABC is given in opecie (i.e. its angles are glTen) 
and the point A ie fixed ; prove that B and C describe similar loci. 

Ex. a07. Find the oenties of similitude of the civsameinde and nine- 
points dzde of a triangle. 

Ex. SOa. O is a fixed point, XOY a constant angle, a constant ratio. 

Find the locus of Y when that of X is (i) a straight line, (ii) a circle. 

Ex. 809. Prove that the line joining the vertex of a triangle to that 
point of the inscribed circle which is furthest from the base passes through 
the point of contact of the escribed circle with the base. 

Ex. BIO. A triangle ABC is inscribed in a given circle, and its vertex 
A is fixed. Show that the locns of a point P on BC, sach that the ratio of 
ADS to BD . DC is given, is a circle touching the given circle at A. 

Ex. 311. C is a liiovin^ jjoint on a circle of which O is coutre and 
AB is ii fixed diameter; BC is produced to D so that BC = CD. Fiud the 
locus uf the intersection of AC and CD. 

Ex. 312. In a quadrilateral ABOD, the points A and B are fixed, and 
the lengths BC, CA and CD are given. Find the locns of (1) the mid-point 
of BD, (2) the mid-point ol the line joining the mld-pointe of the diagonals. 

Ex. BIB. Through a pohit O draw a line cattmg a drde in P, Q, such 
that the chord Pa is ^ of OQ. 
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Ex. ai4. A is a moving point on a fixed diameter BD (produced) of a 
circle; AC is a tanf^ent from A; P is the projection of the centre on the 
bisector of the angle OAC. Find the locus of P. 

Ex. aid. lofloribe in an equilateral triangle another equilatenil triangle 
having each side equal to a given stiaight line. 

Ex. aie. Describe a triangle ol given species (given angle) so that one 
angnlar point may be at a given point and the othen on given straight 
liaes. 

Ex. 317. O is a fixed point, and a straight line OPQ revolving round O 
eoia a fixed eiiele in P, Q. On this line is a point R snoih tiiat OP . OR=iP. 
Find the loons of R. 
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CHAPTER IX. 

MISOELLAKEOUS PROPERTIES OF THE CIRCLE. 

Section I. Obthooonal Oibci«es. 

Definition. The angles at which two curves intersect 
are the angles between the tangents to the curves at their point 
of intersection. 

Ex. 818. Zf two circles interaect at P and Qi, tbe ansles at which 
th«y Intmaot at P are oqaal to Xbm anfflM at whiPh th«sr iBtnMi 
at Q. 

J>ejmi9ii(m, When two dreles intersect at right angles, they 
are said to intersect orthogonally and are called orthogonal 
cireles. 

Theorem 34. 

If two circles are orthogonal, a tangent to either at 
their point of inteniection passes through the centre of 
the other. 

The proof is left to the reader. 
Ex. SIO. Prove Theorem 84. 

Ex. 320. Two circlt'f! A and B arc orthogonal if the tangent to A from 
the centre of B is equal to the radias of B. 
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Ex. m. Through two giTeh points on a cirdo draw a drde to out the 
given oirole orthogonally* 
Is this always possible? 

Ex. 3 2 2. Through a given point on a circle draw a circle of given 
radius tu uut the given circle orthogoually. 
Is ibis always possible? 

Ex. 323. The tangents drawn irom a point P to two circles are equal; 
prove that a circle can be described with P as centre to out both ciroles 
orthogonally. 

Ex. 8M, The pole of the common chord of two orthogonal oiroles with 
respect to one of the circles is the centre ol the other. 

Theokem 35, 

!rhe ram of the squares on the radii of two orthogonal 
cireles is equal to the square on the distance between 

tlieir centres. 

The proof ib left to the reader. 
Ex. ase. Prove Theorem 36. 

Ex. aae. state and prove the converse of Theorem 35. 

Kx, aa7« II two circles be described upon the straight lines joining the 
two pairs of conjngate points oi a harmonic range as diameters, the circles 
out orthogonally. 

Theorem 

Any diameter of a cirele which cuts on orthogonal 
circle is divided harmonically by the orthogonal circle. 

The proof is left to the reader. 

« 

Bx. aas. Prove Theorem' 36. 

Ex. 329. If P, Q. divide a diameter of a given circle IxarmomcaUy, 
any circle tliroasn PGl cuts the a^iven circle orthogonally. 

Ex. 330. A variable circle parses through a fixed point and cuts a given 
circlo orthogonally i prove that tUo variable circle passes through anotlier 
lixed point. 
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Ex, mmim D«Kribo a eii«I« to eat » given oirale orthogombUy and pass 
throQgh two given pcHnts. 
Is this alwaje possible? 

Ex. a^a. If a pair of orthogonal eiroles intersect at P and Q, and if flie 
line APB cnte ihe oireles at A and B, then AB eobtends a right angle at €t 

Ex. 833. Circles are orthogonal it the angles iu the major segments on 
opposite sides of the chord of intersection are complementary. 

Ex. 384. The locns of the points of intersection of the straight lines 
joining two fixed points on a circle to the extremities of a variable diameter 
is the cirole through the fixed points orthogonal to the given circle. 

Section li. The Circle of Afollonius*. 

Th>.uuem 37. 

If a point P maveB so that the ratio of its distanoes 
fh>m two fixed points R is constant, the locus of p ia a 
circle. 




fig. 45. 

For any position of P draw PX, PY, the bisectors of the angle 
QPR» to cut aR in X| Y respectively. 

Since PX biaeots ^ QPR, 

/. QX : XR = aP : PR 

= the given ratia 

.*. X is a fixed point. 

Similarly Y is a fixed points 

* See note on p. 20. 
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Again, since PX, PY are the bisectors of L. QPR, 
/. L XPY is a right angle. 

.'. the locus of P is the circle oa XY as diameter. 

Ex. 336. Construct a triangle having given its base, the ratio of its 
Other two aides and ita area. 

Ex. 886. Constmot a triangle having given one side, the angle oppoaite 
to that aide and the ratio of the other two aides. 

Ex. 837. Find a point such that its distances from three given points 
are in given ratios. 

How manjr solutions are there ? 

Ex. 888. Given the ratio of the two aides of a triuigle, the middle 
point of the third aide, the point in which this side is met by the bisector 
of the angle oppoaite to it and the direction of this bisector, oonatruet the 
triangle. 

Ex. 889. In lig. 45 prove tiiut the tangent at P pasties through the 
circumcentre of the triangle PQR. 

Ex. 840. The internal and external biaeotora of the angles of a triangle 

«re drawn, and on the lengths thej intercept on the opposite sides circles are 
described having these intercepts as diameters ; prove that these cirdea will 
all paas tiirough two pointa. 
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Section III. Ftolsmy's* Theorem. 
Theorem 38. 

The stun of the rectangles contained by opposite sides 
of a cyclic quadrilateral is equal to the rectangle con- 
tained by its diagonals. 



ft 




fig. 46. 

Let PQRS be the quadrilateral. 

Make l 8PT= l RPQ, and let FT cut SQ at T. 

Now As SPT, RPQ are equiangular 

( L 8PT = L RPQ, L. PST = L PRa), 

PS : PR ST : RQ, 
PS . RQ = PR . ST. 
Again As TPQ, SPR are equiangular 

( i. TPQ - z- SPR, _ PQT _ PRS), 
.'. PQ : PR TQ : SR, 
.'. PQ.8R = PR.TQ, 
P8.RQ+PQ.8R=:PR.8T<I>PR.TQ 

PR . 8a 

Ex. 311. What does rtoleiny's theoixin become in the special case in 
whicli two vertices of tlie (iiuulrilateral coincide? 

Kx. 342. What docs rtoiciny\s theorem become iD the special case in 
which tlie ciiide Ix'comcs a strai^dit line? 
prove the theorem iihh jicndeutly. 

Ex. 343. ABC is an equilateral Irianj^le inscribed ia a circle; P iij any 
point on tlie minor arc BC. Trove tliat PA=PB+ PC. 

* Ptolemy was a great Greek astronomer, and one of the earliest writefs 
on trigonometry {Wl — 165 a.i>.). 
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Theorem 39. 



The rectangle contained by the diagonals of a quadri- 
lateral is less than the siim of the rectangles contained 
by its opposite sides unless the quadrilateral Is cyclic* in 
which case it is equal to that sum. 



Let PQRS bo the quadrilateral. 
Make ^ SPT = lRPQl and L PST = l PRQ. 
Now As SPT, RPQ are equiangular by construction, 

/. PS : PR = ST : RQ, 
/. PS.RQ = PR.8T. 
Also PT : PQ=P8 : PR, 
PT : PSaPQ: PR 
and ^TPQ = 2l8PR,. 
As TPQ, SPR are equiangular, 
PQ : PR = TQ ; SR, 
/. PQ. SR = PR . TQ, 
/. PR . ST + PR . TQ - PS . RQ + PQ . SR. 
But SQ < ST + TQ uiilejss ST Q is a straight line. 
.'. PR . sa < PS . RQ + pa . 8R unless 8TQ is a straight line. 
If 8TQ is a straight line, 

L QBP= ^. QRP by construction. 
.*. in that case P, Q, R, 8 are concyclic 

Note that this theorem includes the coiiTerse of Ptolemy's theorem. 

O. B. H.G. 6 



P 




fig. 47. 



Digitized by Google 



82 FroLlCMY'S THEOREM 

Ex. If ABC U ao eqailateral triangle, find the loew of a point 

which moves so that the snm of its distances from 8 and C is equal to its 
distance from A. 

Several iheorems in trigonometry may be proved by means 
of Ptolemy's theorem^ but of coarse the proofis do not 4 ply to 
angles greater than two right angles. 

As an example, we will prove that 

sin (a + y3) = ijin a cos j3 + cos u sin J3. 

In fig. 48, let PR be a diameter and 8PR = a^ L RPQ = and 
let p be the radius of the circle. 




fig. 48. 

Then PQ 2/ocos/?, RQ 2psin/?, SR = 2p8ina, PS COS a, 
PR = 2p. Also by Th. 5 8Q = 2psin (a + iS). 

By Ptolemy's theorem 

PR • Sa=^ PS . RQ + Pa . SR, 

.'. 2/» « 2p sin (a + j9) = COB a . 2p sin )3 -I- 2p cos /9 . 2/» sin a, 

sin {a+fi) = cos a sin ^ + cos sin a. 

Ex. 846. Trove the forumla for eo8(a+/^) hy taking PQi a diameter, 
zQPR = o, and zPQS=/3. 

Ex. a46. Prove the fbzmulae for sin (a -p) and 00a (a - jS); 
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SbOTION IV. OOMTACT FjBOBLEMS. 

Consider the problem of describing a circle to touch three 
given circles. As particular cases any of the three circles may 
become a line or point. 

Foi the sake of clearness it will be convenient to adopt abbreviations in 
£zs. 347—357, e.g. "Describe a circle having given P^kCo*' will be used 
as an abl»eviation for "Deseilbe a oiiele to pass throng^ two given pointB 
and toDch a given line." 

Ex. 347. Show that ten different cases may arise out of this. 

Ex. 348. State two cases which are already familiar. How 
many solutions are there in each case ) 

Ex. 349. Describe a circle having given PaLjCo. 

How many solution^ ire there? 

[Produce the line juiiuug tiie two points to cut the given line ; where will 
ihe point of contact be?] 

Six. 350. Describe a circle having given P^LqCx. 
How many solutions are there ? 

[Draw any eucle through the two points to cat the given cirde; let 
their radical axis meet the Ime joining the two points in T ; draw tangents 
firom T.] 

Ex. 351. Describe a circle having given P^L^Co. 
How many solutions are there? 
[Describe any circle touching the two lines and magnify it.J 

Bx. If a einde toucdies a line and a eirele, the line johiing the 

points of contact passes through one end of the diameter at right angles to 
the given line. 

Note that the ends of the diameter are the centres of similitude of the 
line and oirole. 

Ex. 353. Describe a circle Laving given PxLjCi. 

How many solutions arc there? 
[Sue Kx. 3d2 ; let A, B be the ends of the diameter, and let AB cut tlie 
line in C , let M, N be the points of contact, P the givtn point, and let AP 
cut the reiiuired circle in P' ; then AB . AC = AM . AN ^ AP . AP'.] 

6—2 
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Ex. 354. Describe a circle having given PiL^Oi. 
How many solutions are there! 

[Take a oentie of Binulitade of the two cixoles, and see note to Ex. 853.] 

Ex. 355. Describe a circle bavin*,' given P0I-9C1. 
How many solutions are there) 

[Move the lines parallel to themselves through a distanoe equal to the 
xaditts of the cizde; deseribe a oirole to touch these lines and pass through 
the oentre of the given eirole ; this oiroie will be ooneentrio witii the required 
circle. 

This piooess is called tbe meUiod 

Ex. 356. Describe a circle having given PoL)C|. 
How many solutions are tbere) 

[Reduce one of the oiides to a point by the method of parallel translation.] 

£x. 357. Describe a circle having given PoLoC^. 
[Use the method of parallel translation.] 



EX£BCIS£S ON CUAPT£B IX. 

Ex. 858. Prove that the locus of the centres of circles passing through 
a given point and cutting a given circle orthogonally is a straight line. 

Ex. 359. Show that, if AB is a diameter of a circle which cuts two given 
circles orthogonally, the polars of A with respect to the two circles iutenteot 
inB. 

Ex. 360. O in a common point of two orthogtiual circles, A, A' are the 
points of contact of one common tanj»ent, B. B' of the other. 

Show that one of the angles AOA', BOB' is liaii a right angle and that 
their sum is two right angles. 

Ex. 861. Two fixed circles interseet in A, B ; P is a vaxiaUe point on 

one of them; PA meets the other circle in K wd PB meets it in Y. Prove 
that BX and AY intersect on a fixed circle. 

Ex. 362. Find the locus of the points at which two given circles sub* 
tend the same angle. 
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Ex. B99» If A, B be two fixed points in a fixed plane, and P a point 
whidh mores in the |4ane so that AP=m.BP, where m>l, show that P 

describes a eirele whose radiiui is ' , . 

ill- - 1 

Show al^o timt if two tan^'eiits to the circle h& drawn Irom A, their 
chord of contact passes through B. 

Ex. 864. Four points A, B, A', B' are given in a plane; prove that there 
are always two positions of a point C in the plane snch that the triangles 
CAB, CA'B' are simiiart the equal angles being denoted by oorresponding 
letters. 

Ex. 365. Three chords AA , BB , CC of a circle are concurrent. Show 
that the product of the lengths of the chords AB', BC, OA' is equal to that 
of the ehords BA', CB', AC. 

Kx. 366. Show that a line cannot be divided harmonically hy two 
circles which cat orthogonally, unless it passes through one or other of 
the centres. 

Ex. 967. The biaeetors of the angles A, B, C of a triangle eat the 
opposite sides in X^, X^; Y,, Y.^ ; Z^, Zo respectively. 

Show that the circles on the lines X^Xj, YxY,, ZjZ, as diameters have 
a common chord. 

Ex. 868. Constraet a triangle, having given the length of the internal 
bisector of one angle, the ratio of the side opposite that angle to the snm of 
ftlie other sides, and tiie difference of the other angles. 

Ex. 369. It is required to draw a circle to touch two given straight lines 
aud a given circle. Prove that the eight possible points of contact with the 
circle may be found thus : — 

Draw tangents to the circle parallel to the two lines and join the vertices 
of the rhombus so formed to the point of intersection of the two lines. 

These lines cut the eirde in the leqnlred points. 

Ex. 370. Describe a circle : 

(i) to touch a f^iven line and pass through two given points, 

(ii) to pass through two given points and cut oil from a given line 

a chord of given length. 

(iii) to pass through two given points, so that the tangent drawn to it 

fkom another given point maj be of given length. 

Kx. 371. Two circles, centres A and B, intersect at right an^'les at Q 
and Q.'. A line PQR cuts tlie circles again at P and R. Show that AB sub- 
tends a right angle at the middle point of PR. 
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Ex. 372. From a givon point O, ntraight lines OA. OB, OC are drawn 
cutting' a fixed Rtraight line in A, B, C. A oirrlo OBD is described entting 
the circle OAC orthogonally, D being a point un the straight line ABC. 
Prove that either the angles AOBfand COD are complementary, or one of 
these angles and the supplement of the other are complementary. 

Ex. S7S. On ft given ohoid AB of a cirole, a fixed point C is taken, and 
another ehoid EF is drawn' so that the lines AF, BE, and the line joining G 
to the middle point of EF meet in a point O « show that the loene of O is a 
eirele. 

Ex. 874. A straight line is drawn entting thfi sides BC, OA, AB of the 
triangle ABC lu tiie points D, E, F renpectively, 8o timt tlie ratio FD to DE 
ie constant; show that the circles FBD, ODE pass through a fixed point. 

Ex. 975, If S, 8' are the centres of Bimllitade of two eiroles, prore that 
f lu circles subtend equal angles at any point on the eirele whose diametor is 



Ex. 37©. Construct a quadrilateral given the two diagonals, the angle 
at which they cut, and a pair of opposite angles. 

Ex. 877. A variable eirele passes through a fixed point C and is each 
that the polar of a given i^oint A with respect to it passes through a fixed 
point B ; show that the locus of the centre of the circle is a straight line 
perpendicular to that joining C to the middle point of AB. 

Ex. 378. If two sides of a trian^de of given fihape and size always pass 
through two fixed points, the third Bide always touches a hxed circle. 

[The centre of this eirele lies on the locus of the vertex of the triangle, 
and its radius is equal to an altitude of the triangle.] 

Ex. 379. If two sides of a triangle of given shape and size slide along 
two fixed circles, the envelope of the third side is a circle. [BobiUier*s 
Theorem.] 



SS'. 
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CHAPTER X. . 

THE RADICAL AXIS; COAXAL CIRCLES. 

El. 990. ]>»w a pair of oiielea interaecting at points P and Q, ; from 
any point on PQ. produced draw ttngsnts to the oiroles ; prove tliat tbeie 
tangentB are of equal length. 

Definition. The locus of tlie points from wliicli tangents 
drawn to two circles are equal in calicU the radical axiB of the 
two circles. 

Jn Ex. 380, we have seen that in the case of two intergcctinK' f^ircloH any 
point on their common chord produced ie on their cadioal.axui. This ie a 
particular ease of the ioUowing theorem. 

Theorem 40. 
The radical aads of two circles is a sferaWht line. 



p 




fig. 4&. 
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fig. 50. 




[See also Jig. 49 on page 87.] 



fig. 51. 



A, B ate tiie centres of the two circlet*. 
Let P be any point on their radical axis. 
Draw PQy PR tangents to the circles, and draw PN x to AB. 
Since P on tho radical axis 
PQ' = PR2, 
AP> - Atf = BP* ~ BR*, 
.V PN^ + AN^ - AQ- = PN- + BN* - BR*, 
AN^ - BN' = Atf - BRl 
/, having regard to sense 

(AN + NB) (AN - NB) = AQ- - BR'-, 
AB (AN " NB) = AQ^ - BR*, 

AN — NB is independent of the position of P, 

.*. N is a fixed jx)iiit. 

But PN is X to AB. 

the locos of P is a fixed straight line x to AB cutting AB 
at a point N, such that AN' - BN' = AC^ - BR* 

Ji we forget this last relation, it is at once recovered from the fact that 
the taogeots firom N are equal. 

Note that in the case of intersecting otrdes the common chord is not, 
according to the above definition, part of the radical axis* The following 
eieroiee suggests a modificatioii of the definition whioh would enable us to 
remove this limitation, and 
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Ex. aei. Prove that if firom P, any point on the radical axis of two 
oifoles, lines are drawn ontting tbe one cirele in W, X and the other in 

Z, then PW. PX=PY. PZ. Take eare that your proof apidieB to the 
eommon ebord of two intersecting circles. 

Ex. Sttfl. In the case of eadi of the following pairs of eireles, find the 
ratio in which their radical axis eats the line of centres. Make roogh 
sketches of the figures. (R, r are the radii of the drdes, and d the distance 
between their eentres.) 

(i) R=5, r=3, dslO; 

(ii) R»5, r=8, d=8i 

(iii) Ra6, rsi8» d^^; 

(iv) R«5, r=8, d=2i 

(v) R=:5, rsrS, d=l; 

(vi) R = 5, r=3, d = 0; 

(vii) R=5, r = 0, d = 7 ; 
(?iii) R = 5, r=0, d = 3; 

(ix) R = 5, r=0, d^O; 

(x) R = 0, r = 0, d=6. 

Ex. aaa. What is the radical axis of two circles, one of which has an 
infinite radius (i) when they cut one ano&er, (ii) when they do not cut? 

Bx. What is the radical axis of two circles which tondi one 

another? 

Ex. 889. The radical axis of two circles bisects their common tangent. 

Ex. 386. Suggest a construction for the radical axis of two non- 
intersecting circles. (See Kx. 385.) 

In what case does the construction fail ? 

Ex. 387. In a triangle ABC, the radical axis of its in-circle and the 
ex-circle opposite A bisects BC and cuts AB and AC at points whose 
distances from A are each equal to ^ip + c). 

Ex. 388. If the radical axis of the ex-circles opposite A and B cat 
AB, AC in X, Y respecti?ely, find the distances AX, AY. 

Bx. 888. Three cirdes pass through the same two points. Prove that, 
if th6 dwunon tan^^nt of any two of them is cnt by the third circle, it 
is divided harmonically. 

Ex. 880. 9gaw tbm ▼alldity of the ftUowins ooasir notion teat tiM 
ndloal axla of two dvctea. imw any etedo to o«t liio one oMto 
la a' and tbe other la R, R'; pvodaoe QQf aad RR' to cat at P| 
dnw PN JL to thoUaeof ceatrea. Tliea PN la the xadloal aal«i 
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£z. 891- What m the radical axis ol: 
(i) a poini-cirote and a oirele, 
(ti) two poiat-drolee, 

(iii) a eirde and a line (a oixde of infinite radins), 

(iv) a point-oirole and a line, 

(v) two concentric circles, 

(vi) two parallel lines, 

(vii) two interseoting lines? 

Sz. ••a. Give a oonstraetion for the radioal axis of a eurde and a point 
analogons to the oonstraetion of Ex. 390. 

Does your constraetion hold if the point is inside the circle? 

Ex. ••S. If from any point P tangents are drawn to twjo eirele8» the 
diflerenoe of their squares is equal to twice the leetangle contained bj 
the distance between the centres and the perpendicular from P on the 

radical axis of the circles. 

[Join P to the centres of the circles, and from P draw a perpendicular to 
the line of centres.] 

Theuhem 41. 

The three radical axes of three circles taken in pairs 

aie concurrent. 

The proof is left to the reader. 

Ex. 394. Prove Theorem 41. 

[Consider the tangents from the point where two of the radical axes 
intersect.] 

DeJinUwn. The point of concurrence of the three radical 
axes of a system of three circles is called the radical centre of 
the three circles. 

Ex. 395. If each of tliree circles toache» the other two, the three 
common tangents at their points of contact are oonoarreut. 

Ex. 89e. Circles are described with the sides of a triangle ABC as 

diameters, where is their radical centre? 
[What are their radical axes?] 

Ex. 397. Where is the radical centre of three point-drdes ? 
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Ex. 308. If ihe oenkes of three oudes aie collineur, where is their 
radical eentre? 

Ex. •••• Where ie the radioal oentre of thiee eirdee, two of whieh m 
ooncentiie? 



Coaxal Cibcles. 

Ex. 400. Draw a eirde A and a eirde B to toneh it ; what is their 
radical axle? Find another ciicle C snefa that A and C have the same 
radical axis as A and B. 

Ex. 40I. Draw two intersecting oirdes A and B. What is their radical 
axis? Draw another circle C each that A and C have the same radical axis 
as A and B. What is the radical axis of B and C ? 

Ex. 40a. Draw a circle with centre A and a line PN outside it; draw 
AN 1 to PN ; from P draw PT a tangent to the drde; from P draw a line 
PT'aPT, draw a oirde with its centre on AN (or AN produced) to tondi 
PT' at T'. What is the radical axis of the two circles ? 

Definition. If a system of circ"l(?s is such that overy pair has 
the same radical axis, the circles are said to be coaxal. 

It is obvious that coaxal circles have all their centres on a 
straight line, which is perpendicular to the common radical axis. 




iig. 52. 



In Theorem 40 it was proved that if A, B are the centres 

of two circles whose radii are AQ, BR and N the point at which 
their radical axis cuts AB, then 

AN--AQ- BN- - BR'". 

By reversing the steps of that theorem we could prove that, 
if the given relation is true and if tangents are drawn to the 
circles from any point P on the perpendicular to AB through 

these tangents must be equal ; in fact, that if the relation holds 

PN ia fclie radical axis of the two circles. 
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Nov suppose that the one circle (centre A) and the radical 
axis are given ; by taking different positions for B on the line AN 
(produced both ways) and choosing in each instance the radius 

given by the above relation, we get an infinite number of circles* 
the tangents to which from any point P on PN are equal to one 
another. 

We therefore get a system of coaxal circles. 

Xntersecting ooazal circles. If any circle of a coaxal 

system cuts the radical axis at C and D say, all the circles must 
pass til rough C and D, for the tan<,^ent to the one circle from C 
(or D) is of zero length, and tln^refore the tatiLrcnt from C (or D) 
to each circle of the system must be of zero length. 

In the same way, if any two circles of the system intersect 
at C and D, all the circles must pass through C and D, and CD is 
their common radical axis. 

This suggests an easy oonstruction for a system of intersecting 
coaxal circles. 




fig. 58. 
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Non-intersecting coajcal ciiolee. We will now oonaider 
a construction for a system of coaxal circles for the case in 

which no circle of the system cuts the radical axis (and uo two 
circles of the system cut one another). 

{See fig. 55 on page 94.] 



M 




— ( A 'a. P 

\ ^ / 


M ( i;'B ) 



fig. 54. 



Suppose we have the radical axis and one circle of the 
system. 

From^ N (which must be oatside all the circles) draw a 
tangent NQ to the circle. 

With centre N and radius NQ describe a circle. 

Draw BR a tangent to this circle from any suitable point 
in AN (or that line produced). Then the circle with B as centre 
and BR as radius will be a circle of the system. 

For AN« - AQ- = NQ- = NR« = BN* - BR«. 

It should be noticed that instead of taking N as centre we might take 
any point on the rsdioal axis. This method would then apply to inter- 
eecting circles as wdl as non-intorsectiiig. 

Ex. 40e. Draw a flystem of coaxal circles, one circle of the Bystem 
having its eentre 4 em. from the radical axis and having a radius of 3 cm. 

It is worthy of special notice that in a system of coaxal 
circles one member of the system consists of the radical axis and 
the line at infinity. 

Ex. 404. In fig. 54 what position of R will give the radical axin aa a 
member of the system ? 



Digitized by Google 



94 



COAXAL CIRCLES 




fig* 55. 



Ex. 406. From what points of the line AB in fig. 5i it it impossible 

to draw tangents to the construction eirelef 

Take a point B' between L and N ; according to the formnla, what would 
be the square on tlic radius of the oirde of the sjstem with centre B'? Is 
this positive or negative? 

Ex. 4O0. What is the radios of the citde of the siystem whose centre 
is at L, where the oonstmetion drde cuts AN ? 

Limiting Points. It is obvious from the metiiud of con- 
structing non-intersecting coaxal circles (and also from the 
relation AN^ - AQ'' = bn^ - BR-) that B cannot be within the 
construction circle, but may be anywhere else along the line 
through A and N. 

The circles of the system whose centres are at the points L 
and L' wliere the construction circle cuts the line AN iiave zero 
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laciiiis, i.e. are point circles. L and L are called the limiting 
points of the system. 

Definition. The limiting points of a system of coaxal circles 
are the point circles of the system. 

A system of intersecting coaxal circles has no real limiting 
points ; for any point in the line of centres may be taken as the 
centre of a circle of the system. 

Or, looking at the question from the point of view of the 
definition, in the case of intersecting circles there are no real 
point circles of the system, for BN' — BR* = AN* - AQ^ which is 
negative. /. BR* cannot be zero. 

Ex. 407. P is any point on the radical aiis of a coaxal system of 
clxoles ; with P as centre a euele is deseribed to eat one of the drelea ortho- 
gonally ; what is its radins ? Pro?e that this eirele ents ail the eiides of the 
system orthogonally. 

Ex. 408. In Ex. 407 suppose the system to be of the nou-intersecting 
type ; prove that the orthogonal circle pasnen through two poiuts which 
are the same whatever position on the radical axis is chosen for P. 

Ex* 409. In Ex. 407 sappose the system to be of the non-intersecting 
t3rpe ; prove that an infinite number of circles can be drawn to cut all the 
circles orthogonally, and prove thai these catting circles are themselves 
ooazal. 

Theorem 42* 

With every system of coaxal circles there is asso. 
elated another system of coaxal circles, and each circle 
of either system outs every circle of the other system 
orthogonally. 

Since tlic tangeuti> to a system of coaxal cii cles (A) from any 
point P on theit- radical axis are equal to one another, it follows 
that the circle (B) with centre P and any one of these tangents 
as radius will out all the ciroles of the system (A) orthogonally. 
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Again, since there is an infinite number of positions of P on 
the radical axis, there is an infinite number of circles (B) each of 
which cuts all the circles of the system (A) orthogonally. 

We have still to show that these cutting circles (B) form 
another coaxal system. 

Consider any one circle of the system (A) ; the tangents from 
its centre to the orthogonal circles (b) are each a radius of the 
(A) circle, and therefore equal to one another; similarly for any 
other circle of the system (A). 

.*. the orthogonal circles (B) are coaxal, their radical axis 
being the line of centres of the system (A). 
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Theorem 43. 

Of two orthogonal systems of coaxal circles, one 

system is of the intersecting type and the other of the 
non-intersecting type, and the limiting points of the 
latter are the common points of the former. 

Suppose that a system (A) of coaxal circles is of the non- 
intersecting type and has limiting points L and L' ; since L and L' 
are point circles of the system, it follows that all the circles of 
the orthogonal system (B) pass through L and L\ and therefore 
that the system (B) is of the intersecting type, L and being the 
common points. 

Again suppose the given system is of the intersecting type, 
M and M' being the common points ; we see that no circle of the 
orthogonal system can have its centre between M and M'; there- 
fore these are the limiting points of the orthogonal system. 

"Ex, 410. Draw a system of coaxal ciroleB which touch one auoUif r; 
<li a\v the orthogonal lystem. Where are their UmitiDg points and common 
points? 

Ex. 411. The radical axfifl of a given oirde and the cireles of a coaxal 
sjBtem are concurrent. 

Ex. 412. Prove that a common tangent to any two cireles Is divided 
bannonieaUy by any coaxal oirele whieh outs it. 

Ex. If L ia one of the limiting points of a system of obazal cireles 

and XLY is any tSaoid. of a cirole of the system, the distances of X, L, Y 
from thcxadieal axis aie in geometrical progression. 

Ex. 414. A oommon tangent to any two mreles of a non*intersecting 
ooazal system subtends a right angle at each of the Kmiting points. 

Ex. 415. Tlie poLar of eitlier limiting point of a coaxal system 
witb regard to any circle of tbe system passes througk tiie other 
limiting point. 

Ex. 416. The tangents to a family of circles from a point A are all 
equal to one another; and the tangents from another point B are also equal 
to one another; prove tliat the circles are all coaxal. What is the couditiuu 
that the system should be of the non^interseoting typi3, and what arc the 
limiting points in that ease? 

G.S. ILG. 7 
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Ex. 417. Ftove ihat the polara of » fixed point P with regard to a 
system of coaxal circles with real limiting points all pass through another 
fixed point, namely that point on the circle through P and the limi^n g 
points which is at the other extremity of the diameter through P. 



EXEKUlbES ON OUAFT££l X. 

Ex. 418. If T be a point from which equal tangents can be drawn to 
two eiieles whose centres are A and B, prove that the chords of contact 
of tangentci firom T intersect on the line through T at right angles to AB. 

Ex. 419. The mid-points of the four common tangents to two non* 
intersecting circles are ooUioear. 

Ex. 4ao. If each of three circles intersects the other two, prove that 
their common chords are coneorrent* 

Ex. 421. Three droles, centres D, E, tonch each other two and two 
in A, B» C. Prove that the eireumoirdie of ABC is the in-cirole of DEP. 

Ex. 422. Show how to detscribe a circle of a given coaxal system to 
touch another given circle (i) when the system is of the intersecting, (ii) of 
the non-ioterseoting type. 

Ex. 423. Consider the various Apollonius' circles for two fixed points 
obtained by varying the given ratio ; are they coaxal? 

Ex. 424. If a system of circles have the same polar with regard to a 
given point, show that they are coaxal, and find the position of the common 
radical axis. 

Ex. 4BA. Prove that the four cirdes whose diameters are the common 
tangents to two non-intersecting drdes have a common radical axis. 

Ex. 426. Show that the limiting points of a pair of non-intersecting 
circles and the points of contaot of any one of their common tangents lie on 
a circle cutting the two circles orthogonally. 

Ex. 427. The circle whose diameter is the line joining the centres of 
similitude of two circles is coaxal with those circles. 

Ex. 428. If two circles X and Y cut orthogonally, prove that the polar 
witli respect to X of any point A on Y passes through B, the point diametri- 
cally opposite to A. 

If the polars of a point, with re«pect to three circles whose centres are 
on a straight linCj are concurrent, prove that the three circles are coaxal. 
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Ex Prove tbat the oommon orthogonal drole of three given eirdes 

is the iooue of a point whose polars with respeet to the three oirolee are 
oononrrent. 

Ex. 430. The external common tangent to two circles which lie ontRide 
one auuther touches them in A and B [ show that the circle debcribcd on 
AB as diameter passes through the limiting points L and L' of the coaxal 
system to which the circles belong. 

If O is the mid-point of the above common tangent, prove that OL, OL' 
are parallel to the internal common tangents of the eirdes. 

Ky. 431. The internal and external bisectors of the angles of a trian^'le 
are drawn, and on the lengths thej intercept on the opposite sides circles 
are described having' these intercepts as diameters; prove that these circles 
all pass ttiK ugh two poiutti which are colliuear with the circumcentre of 
the triangk. 

Ex. 482. Describe a drcle which shall pass through two given points 
and bisect the circumference of a given circle. 

Ex. 483. Trove that ad liie circles winch hisect the circuiuicrences of 
two given drdes pass through two common points. 

Vx. 434. ABC is a triangle and two circles are drawn, 6ne to touch 
AB at A and to pass through C, the other to touch AC at A and to pass 
through B. If the common chord of these cirdes meets BO in D, prove 
that BO : DC = BA^ : AC^. 

Ex. 486. A line PQ is drawn touching at P a circle of a coaxal system 
of whidi the limiting points are K, K', and Q is a point on the line on the 
opposite side of the radical axis to P ; show that, if T, T' be the lengths 
of the tangents drawn from P to the two concentric circles of which the 
common centre is Q and radii are respectively QK, QK*, then 

T:T'::PK:PK'. 

Ex, 436. The tangents at A. A' to one given circlf cut a given non- 
intersecting circle in P, Q and P , Q respectively, and AA' cuts PR' in X. 
Show tliat, if O i» a limiting point of the coaxal system determined by the 
two given circles, then will OX be a bisector of the angle POP'. 



7—2 



Digitized by Google 



OHAFIER XI 



INVERSION. 

DefinUion, H O is a fixed point and P any other pointy and 
if a point P' is taken in OP (produoed if necessary) such that 
OP. OP'sAi* (where k is a constant), P' is said to he the inverse 

of P with regard to the circle whose centre is O and nvdius k. 
O is called the centre of inversion, the circle is called the 
circle of inversion, and k the radius of inversion*. 

From the definition it ie obvious that P is the invene of P'. Also that 
OF Taries iuYersely as OP ; henoe the name. 

If P is made to describe any given ligure and if P' always 
moves so that it is the inverse of P, P' describes a figure which is 
called the inverse of the given figure with respect to the circle of 
inversion. 

When a large number of inverse points have to be found the following 

coustruction is useful. 

Assume the above notation ; draw a circle of any radius and a tangent to 
it at any point A; from the tangent cut off a length Ao— the radius of 
inveision j find a pointy on the circle such that op — OP; let p' be the other 
point at which op cuts the circle, then ap' — OP'. 

Ex, 487. What is the inverse of a straight line when the centre of in* 
version is on the straight line ? 

Ex. 48S. What is the inverse of a given drole when ^e centre of in- 
version is the oentre of the given eurcle ? 

* Sometimes Jlc^ is called the eoastaat of iaventoa. 
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Ex. 480. Draw a straight line and mark a point O 4 incheB from the 

line; taking O as centre and a radius of inversion 3 inches, mark a niunber 
of points on the inverse of the straight line. 

Ex. 440. Draw a circle of radius 2 incheH; take a point O 1 inch from 
its centre ; lakiug O as centre uud 1 lucii as radius of inversion, plot the 
inywse of the circle. 

Ex. 441. Draw a circle of radios 2 inches; take a point O 8 inches 
firom its centre ; taking O as centre and 2 inches as radios of invenion, plot 
the inyerse of the circle. 

Ex. 442. Plot a parabola and invert it (i) with the foons as centre of 
ioTttsion, (ii) with the vertex as centre of inversion. 



Theorem 44. 

If a figure is inverted first with one radius of inver- 
sion and then withi a different radius, the centre being 
the same in both cctses, the two inverse figures are 
aiTniiftr and Bimilarly situated, the centre being their 
centre of sixbilitade. 

If Pj is the inverse of a point P when ki is the radius of in- 
version and p2 the inverse of the same point when is the 
radius, the centre O being the same in both cases, then 

OP,:OPj=V:V- 

Hence the theorem is true. 

In consequence of this property it is generally unnecessary to 

specify the radius of inversion; in fact, it is usual to make no 
reference to the circle of inversion and to speak of inverting with 
regard to a point. 

Sometimes we take a negative constant of inversion i in this 
case the circle of inversion must of necessity be avoided as it has 

an imaginary radius. 
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Theorem 45. 

The inverse of a strai^t line, with regard to a point 
on it, is the line itself. 

This is obvious from the definition. 

Ex. 443. What IS thti inverse of a point on the line which is infinitely 
dose to the centre of inversion ? 

Ex. 444. What is the inverse of the line at infinity ? 

Ex. '44«. OABC is ft strai^lit line, and A', B', C are the inversea of 
A, B, C, when O is the centre of inversion ; if B is the mid-point of AC, 
prove that O, A', B', 0^ is a hannonie range. 

Ex. 446. If a harmonie range is inverted with legaid to anj point on 
the line, another harmonio range is obtained. 

Ex. 447. Prove that Ex. 445 is a particular case of Ex. 446. 

Theorem 46. 

The inverse of a strai^t line, with regard to a point 
ontside it, is a circle through the centre of inversion. 




fig. 57. 

Let PA be the given line and O bo the centre of inversion. 
Draw OA X to PA. 
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Take A', P' the iiiTerses of A, P. 

Then OP. OP' ^ OA. OA', 
•'. P, Af A\ P' are ooncyclic, 
.\ Z.OP'A'ss^OAP 
= a rt. z-. 

But O and A' are fixed points. 

/. as P moyes along the line PA, P' describes a eircle on OA as 
diameter. 

Ex. 44S. Show that Theorem 45 is not really an exception to the 
theorem that the iiiTerse of a stiaight line is a dide through the centre of 
inTeraion. 

Ex. 449. Draw a figure showing the inverse of a straight line with 
regard to a point ontside it for a negative constant of inversion. 



T£[£OR£M 47. 

The inTerse of a circle with regard to a point on its 

circumference is a straight line at right angles to the 
diameter through the centre of inversion. 

The proof is left to the reader. 

Ex. 460. Prove Theorem 47. 

Ex. 451. IT a cMa is l»vwlad villi nsud to a point om it, tbo 
oontre of th« etrou inverts Into the Imafls of Uio centre of inversion in 
tho ressilting olvalglit Uam, 

Ex. 452. A straight Hue meets a circle a in the points A, B and a 
circle /3 in the points C, D ; O is a point on tho radical axis of a and /3. 
OA, OB meet a again at A', B' aud OG, OD meet /3 again at O', D'. 
Show that O, A', B\ C\ D' lie on a circle. 
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Ex. 4M. In fig. 58, OA=OB, APrrPBsBFsP'A; 

(i) prove that OPP is a straight line ; 

(ii) pt0J9 ihtA, if O he fixed, P and P' will -mow so that they axe 

inTetM points with regard to O. 




Ex. 4«4. If, in Ex. 453, C is a fixed point, and P moves so that 
CPs CO, prove that the looos of P' is a straight line. 

Feaneellier'a Cell*. Fig. 58 suggests a mechanical device, called a 
Unl-rage, for constructing: the inverse of a given figure ; a model can be con- 
structed consistin}^' of rods freely hinged at the points O, A, B, P, P' ; from 
Ex. 453 we 8ee that if O in fixed and P moved along a given curve P' 
describes the inverse curve. 

Ex. 454 shows that, if P is made to describe a circle through O, P' 
moves on a straight line. Now it is not necessary that the rods should be 
straight ; the only essential is that the dislanoe between the points O and A 
should equal that between O and B, etc., and the equality of these distances 
can be tested by superposition. Thns this Unltage enables us to draw a 
straight line without presupposing that we have a straight edge. 

* This linkage was invented in 1873 by Peaucellier, a captain in the 
French army. 
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Theorem 48. 

The inverse of a circle with regard to a point not on 
its circumference is another circle. 




fig. 59. fig. 60. 

Let O be the centre of inversion. 

Draw a line OPQ to cut the circle at P and Q. 

Let P' be the inverse of P. 

Then OP.OP' = eonstant. 
iiut OP . OQ = constant, 
.*. OP' : 0Q:=: constant. 
But the looos of Q is a circle, 
the loeus of P' is a circle. 
I A, the inverse of the given circle is a circle. 

Note that in figs. 59 and 60 the parts of the oiioles which are thickened 
are inverees of one another. 

Ex. 456. Show how to invert a circle into itself, the centre of inversion 
being outside the eirole. 

Fx. 456. Is it possible to invert a circle into itself (i) with regard to 
a point inside tlie circle, (ii) with regard to a point on the circle ? 

Ex. W$, Show how to inveit simnltaneoosly each of three eiieles into 
itself. 

Ex. 458. If a elnle la Invertaa irttli vagaxd to anir pdat aot on 

tta elxeiiiiiilHrence, its centre inverts into tlia point at wliieli tbe line 
of centres cnts tiie poUr Of tlM centM Of ln'V«nlm& wHn xeq^eet to 
tne laverse circle. 

Ex. 400. Show that Ex. 451 is a partienlar case of Ex. 458. 
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Theorem 49. 

Two cuireB intereeet at the same angles as their 
ittyerses. 



o 




fig. 61. 



liet P be a point of mtersection. 

Through O, the centre of inversion, draw a straight line 

making a sni.tll angle with OP to cut the curves in Q. and R. 

Let P', Ct', R' be the inverses of P» Q, R respectively. 
Join PQ, PR, P'R\ P'Q'. 

Since OP . OP' = OQ . OQ', 

.'. P, P', Q', Q are con cyclic, 

/. z.opa=z.oQ'p'. 

Similarly OPR = ^ OR'P', 

L QPR = L R'P'Q'. 

Now, as OQ moves up to OP, so PQ, PR, P'Q', P'R' move up to 
and in the limit coincide with the tangents to the curves at P 
and P'. 

.'. the angles between the tangents at P are equal to die 
angles between the tangents at P'. 

two curves cut at the same angles as their inverses. 

Ex. 4eO. Give an independent proof of Theorem 4d in the case of two 
straight lines inverted into a straight line and a circle. 

Ex. 461. Give an independent proof of Theorem 49 in the oase of two 
straight lines inverted into two circles. 

Ex. Prove that the tangent to a curve from the centre of Inver- 

sion is also a tangent to the inverse curve. 
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By applying the above results we can deduce new theorems 
from theorems we know already; this process is called inTerting 
a theorem. 



Example L 

Invert the following theorem with regard to the point O : — 

If O, A, By C are four pomts on a drele^ angles AOC, ABC are 
equal or supplementary. 

Let A', b', C' be the inverses of A, B, C, 

We will write the corresponding properties of the figure and 
its inverse in parallel columns. 

[It is convenient to draw the figures separately.] 




OABC is a circle, 
OA, OG are si. lines, 

AB is a st. lino, 
EC is a St. line, 

Z.AOC is equal or supplemen- 
tary to L ABC. 




fig. 63. 

A'B'C' is a straight line, 

OA', OC' are st. lines, 

OA'B' is a circle, 

OB'C' is a circle, 

L A'OC' is equal or supplemen- 
tary to at which circles 
OA'B', OB'C' intersect. 



Hence we deduce the theorem that, if A'B'C' is a straight line, 
and O a point outside it, the angles at whicli the circles OB' A', 
OB'C intersect are equal or supplementary to the angle A'OC'. 
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Example II. 

Prove iho followi^ig theorem by invertiD^ with regard to the 
point O. AOBF, AOC& are two circles intersecting at O, A; FO a 
diameter ot the first cuts the second at C, EO a diameter of ih& 
second cuts the first at B; then AO passes through the centre 
of the circle OBC. 

Let A', B', ... be the inverses of A, B, 

We will now write the corresponding properties of the figure 
and its inverse in parallel columns. 




fig. 64. 

AOBF, AOCE are two circles 
through A, O, 

FO, a diameter of 0AOBF, cuts 
0AOCE at C; 

EO, a diameter of OAOOE, cuts 
0AOBF at B. 

To prove that AO passes through 
the centre of 0OBO. 




fig. 65. 



A'B'F', A'C'E' are two st. lines 
through A', 

F'O, the perpendicular from O 
on A'B'F', cuts A G E' at C'; 

E'O, the perpendicular from O 
on A'O'E', cuts A'b'F' at B'. 

To prove that AO is perpen- 
dicular to B'C'. 



Now we see that the inverse theorem is true (it is the ortho- 
centre property of a triangle). 

.'. the onginal theorem is true. 
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Ex. 469. Invert the following theorem with regard to the point 0 : 0 
O, A» B, C are four pointe on a oirole, angles OAC, OBC are eqoal or 
iBapplementaiy. 

Ex. 464. Invert tha tlioorem * The angle in a semioirde is a right angle ' 
with regard to one end of the diameter. 

Ex. OP and OQ are lines throngh a fixed point O, inclined at a 

constant angle and intersecting a fixed line in P, Q ; the envelope of the 
cirde round OPGt will be another circle. 

Ex. 406. Prove by iuversion (or otherwise) that li tlie eircumcircles of 
two triangles ABC, ABD cut orthogonally, then the circamcirdeB of CAD 
and OBD also cut orthogonally. 

Ex. 467. Prove by inversion that the circles having for diameters three 
chords OA, OB, 00 of a circle intersect again by pairs in three coUineaar 
points. 

Ex. 468. Three circles OBC, OBE, OCF pass through a point O; OBF 
is a straight line passing through the centre of the cirde OCF ; OOE is a 
straight line passing through the centre of the dide OBE; prove that 
circles OBE, OOF interaeot on OD the diameter through O of the cirde 
OBO. 

Ex. 469. Prove by inversion that a straight line drawn through a point 
O to eat a cirde is di?ided harmpnioally by the eirde and the polar of O. 
[InTert with regard to O.] 

Ex. 470. Tbe timttlng points of a coaxal syatem am lavena 
potnta witla vesard to any drela of tbe s y at eaa. 

Ex. 471. A ■yatem of iate rs e otlng ooaanl etacelea Intwled wltb 
cvsacid to a point of latovaeotlon btoo m aa a ayatoBi of atialtfit Uaaa 
tmmigii a point. 

Ex. 472. Invert the following theorem with regard to the point O : If 
each of a system of circles passes through two given points O and O', 
another system of circles can be described which cut the circles of the first 
system orthogonally. 

Ex. 478. A system of non-intenectlns irirawwl drclra inrerled 
lilth reapeot to a Umltins point of tbe system becomes a system of 
concentric cirdes liaviBS tbe InvenM of tbe otber limiting point fbr 
centre. 

[Consider the orthogonal system of circles and use £x. 472.J 
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Ex. What is the invene of a sjslem of inteneetiiig coaxal Gudes 

with respect to any point? 

V.\. 4 7 6. Wliat is the inverse of a system of nou-mtersecting coaxal 
circles with respect to any point 7 

Inversion may be applied to geometry o£ three dimensions. 

By rotating tlie figareB of theorems 46, 47, 48 about tbe line 
through the centre of inversion and the centres of the circles we 

arrive at tlie following rcsulte : 

(i) The inverse of a plane with regard to a point outside it 
is a sphere through the centre of inversion. 

(ii) The inverse of a sphere with regard to a point on its 
surface is a plane at right angles to the diameter through the 

centre of inversion. 

(iii) The inverse of a sphere with regard to a point not on its 
surface is another sphere. 

£x. 470. What is the inverse of a circle with regard to a point not in 

its plaue ? 

[Regard the circle as tho intersection of a sphere and a plane.] 

Ex. 477. A circle is inverted with respect to a sphere whose centre O 

does not lie in the plane of the circle; prove that the inverse is a circle, and 

show that the point P which inverts into the centre of the inverse circle is 
obtained thus : Describe a sphere through O and the circumference of the 
givon circle ; then P is the pole of the plane of the circle with respect to 
this sphere. 



KxEROisES ON Chapter XL 

Ex. 47S« Q is the inverse of P with respect to a eircle whose oentre 
is 0» AQB is any chord of the drde ; prove that PQ biseots the angle APB. 

Ex. 478. A circle, its inverse^ and the circle of inversion are coaxal 

with one another. 

£x« 4ao. Show that it is possible to invert three ouMdes so that the 
eentres of the inverse eiroles are oollinear. 
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Ex. 481. If two circles cut orthogonally the inverse of the centre of the 
first with rcRp<'ot to the second coinoidefi with the inverse of the centre ol 
tbe second with respect to the first. 

Ex. 482. Two pointa are inverae with respect to a drde ; show that, if 
the figaia he inverted with respect to any eirdei the new flgnre wiU have the 
same property. 

Ex. 48a. A, B, O are 'three points in a straight line and P any other 
point. AFE, BFD, CEO are drawn perpendicular to PA^ PB, PC reepectiTely ; 
prove that P, D, E, F lie in a circle. 

Obtain a new theorem by inverting with respect to P. 

Ex. 484. If c is the distance between the centres of two intersecting 
oireles whose radii are r, show that the ratio c* <- : rr^ is unaltered 
by inversion with regard to any point external to the two circles. 

Ex. 485. Two circles intersect at O and P and their tangents at O meet 
the circles again at A and B. Show that the circle circumscribing,' the 
triangle AOB cuts OP produced at a point Q such that 0Q-20P. and tliat 
ii a line is drawn through P parallel to the tangent at Q tu the circle AOB, 
then the part of this line intercepted between OA and OB is bisected at P. 

Ex. 486. If A, B, C be tliree collinear points and O any other point, 
show that the centrcH P, Q, R of tlic three circles circumscribing the triangles 
OBC, OCA, GAB are concyclic with O. Also that if three other circles are 
drawn through O, A ; O, B ; O, C to cnt the circles OBC, OCA, OAB, 
respectively, at rigiit angles, then these threo circleB will meet in a point 
which lies on the ciroamcircle of the quadrilateral OPQR. 

Ex. 487. From any point P on the circle ABC a pair of tangents PQ, 

PR are drawn t(^ thf circle DEF and the chord QR is bisected in S. Show 
that the locus of S is a circle ; except when tlie circle ABC passes through 
tlie centre of the circle DEF, in which case the locus of 8 is a straight line. 

Ex. Through one of the points of intersection of two given oirdes 

any line is drawn which cuts the circles again in P, Q respectively. Prove 
that the middle point of PGt is on a circle whose centre is midway between 
the centres of the given circles. 

Ex. 489. Show that there is in general one oixde of a coaxal system 
which outs a given circle orthogonally. 
What is the exceptional case? 

Ex. 40O. Show that circles which cut one given circle orthogonally and 
another given circle at a given angle will also cut a third fixed circle at the 
same fixed angle. 
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Ex. 401. A, B, C, D are four coplanw pcHnts. Prove that in an infinite [ 

nmnber of ways two circles can be drawn making an as55igned angle with | 

each other, and snch that A and B are a pair of iuTerse poinie of one circle, J 

and C and D of the other circle. ! 

Ex. 40a. If Ql are the inveraei of P, Q with nespeot to a point 0, I 
PQ : P'a's OP . Oa : hS where A> la the constant of inTenion. j 

£i. 40a. Inverl with respeet to the point O the propontion : If PAQ, ' 
RAS are two ehords of a eixele wbieh pasaes through O, the rectangle 
PA . AR=ieotaiigle RA . AS. j 

Ex. 494. The sides of a triangle ABC touch a circle whose centre is 0, I 

and on 08, OC prodooed, if neoeBsary, are taken points B' and C respeo- j 

tively snob that OB . 0B'=00 . OC'sOA'. Prove that O is the orthocentxe I 

of the triangle AB'O'. i 

Ex. 406. Two given circles intersect in a point O ; prove, by the method J 

of inTersion, that the inverse point of O with respect to any circle which ' 

tonohes them lies on one or other of two fixed ouNdes whleh cut .one another | 

orthogonally. | 

Kx. 488. If two circles be inverted with respect to a ciiclo whose centre 
is at their external centre of similitude and whose (radius)^ is equal to the 
reetangle contained by the tangents to the circles from its centre, prove 
that the radical axis of the two drdles inverts into the circle on the line 
joining the two oentres of similitude as diameter. 

Ex. 487. Prove that any two circles are inverse to one another with 
respect to some third circle ; and that with an^ point on this third cirde as 
origin of inversion the two drdes will invert into equal drdes. | 

Ex. 498. (i) A sj)hure is inverted 11 in a point on its surface; &}il>',v ' 
that to a Bysteui of parallels and nieridiaiib on the surface will correspond | 
two systems of coaxal circles in the iuver.se figure. 

(ii) Prove that, if P, Q he tlie ends of a diameter of a small circle of a | 
sphere, O a point of the great circle PQ, and R any point on ilie circle, then / 
the arcs of the small circles PRO, RQO are perpendicular to each otiier at R. 

Ex. 499. (i) A circle is inverted from a point which is not npon its 
circumference and not necessarily in the plane of the circle. Show that the 
inverse curve is also a circle. j 

{V\\ Circles are drawn to cut a given circle ortbogonally at two points ' 
of intersection and to pass through a given point not in the plane of the | 
circle. Show that they intersect in another common |toint ; and hence show 
how a circle and a point not in its plane may be inverted re»pectively into ' 
circle and centre. 
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£z. 600. Show that the locnB of points with respect to which an anchor 
ring can be inverted into another anchor ring oondsts of a straight line and 
a circle. 

Ex. 601. The figures inverse to a given fignrc with regard to two circles 
Ci and C2 are denotpd by Sj and respectively ; sliow that, if Ci and C2 
cut orthogonally, the mvei^e of Si with regard to is also the ioYerse of 
with regard to C^. 

Ex. a02. r is a circle and P and Q are any two points inverse to it; 
r', P', Ql are the respective iuverseB with regard to any point. Show that 
P\ Q' are inv<erie p(^t8 with regard to the oiiele V. 

Ex. 90s. (i) Show that, if the ctreles inverse to two given droles ACD, 
BCD with respect to a point P he equal, the drde PCD bisects (internally 
or externally) the angles of intetaeetion of the two given oirdea. 

(ii) Prove tiiat four points P, Q, R, S can be found such that with 
respect to any one of them the points inverse to four given points A, B, C, D 
form a triangle and itsorthocentre ; and that the points inverse to P, Q, R, 8 
ivith respect to any one of the four A, B, C, D also form a triangle and its 
orthocentre, 

Ex. 604. A circle moving in a plane always touches a fixed circle, and 
the tangent to the moving circle from a fixed point ia always of constant 
l^^th. Prove that the moving circle always touches another fixed circle. 



a. 6. M.a. 
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ORTHOGONAL PROJECTION. 

8upiK>3e that we have a plane (say a sheet of glass) with a 
variety of figures drawn upon it. 

And let this plane be plaoed, in an inclined position^ above a 
second — ^horizontal — ^plane. 

If a distant li^^ht (e.g. the sun) be allowed to shine upon the 
figures drawn on the glass, and to cast shadows of them upon 
the horizontal plane, these shadows would be ' projections ' of the 
original figarea 

If the stitt is directly overhead, so that its rays strike per- 
pendicularly upon the horiiiontal plane, the projection is called 
* orthogonal.' 

The definition of orthogonal projection is as follows. 

DtfiniUion, Let there be an assembly of points (a) in a 
plane (p). From each point let a perpendicular be drawn to 
a second plane (q). The feet of these perpendiculars together 
constitute the orthogonal projection of the assembly (a). 

We must now enquire what relations exist between figures 
and their orthogonal projections upon other ^planes of projection.' 

In what follows, it must be as-sumed that the projection is 
orthogonal unless the contraxy is stated or distinctly implied. 

1. The projectioii of a straight line is a straight line. 

The perpendiculars from all points on the original line form 
a plane, which cuts the plane of projection in a straight Una 
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2. A point of intersection of two curves in the 

original plane projects into a point of intersection of 
the resulting curves. 

3. A tangent to a ourve, and its point of eontact, 
project into a tangent to the resulting curve and its point 
of contaot. 

4. The lengths of lines are usually altered by orthogonal 
projection ; in fact, the lines are foreshortened. 

Ex. 605. Take the case of projection on to a hoiisontal plane from a 
plane inclined to it at 60°. 

Frove that all the lines of steepest slope are halved by projeotion. 

Afe any lines nnaltered by projection? 

■ What is the condition that two lines that are equal before projection shal 
remun eq[nal after projeotion? 

If a be the length of a segment of one of the lines of 
steepest slope in a plane, and 6 the angle which the plane 
makes with the plane of projection, then a cos 6^ is the 
length of the projection of a. 




fig. ee. 



AB is the segment a, CD is its projectiou. 
In the plane AEG draw BF i) to DC, meeting AC in F. 

Then lMF = lAEC = $^ 
DC = BF = a cos ^. 

8—2 



• 
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5. Lines parallel to the plane of projection are un- 
altered in length by prcjeetion. 

6. If A be an area in a plane, its projection has area 

A COS 0, 




fig. 67. 



Let the area be divided up into strips A BCD by lines of 
8teej>est slope. 

By drawing parallels to the plane of projection, cut off a 
rectangle AEOF from each strip. 

Let A'E'C'F' be the projection of AEOF. 

Now A F = AF COS e, A' E' = AE. 

/. rect A'E'O' F' = rect. AEOF x oos ^. 

If the strips become very narrow (and therefore nnmerous), 
then each strip tends to equality with the corresponding rectangle, 
the neglected portions being comparatively unimportant; and it 
is Rhown in the infinitesimal calculus that, in the limit, no error 

is mad(* by regarding the area aii composed of infinitely narrow 
rectangles. 

But each rectangle is diminished by projection, in the ratio 
cos^ : 1. 

the projection has area A cos 0. 

Ex. 606. Give an independeut proof of the above theorem for a triangle, 
by drawing through its vertices perpendiculars to the line of inteiseotion of 
the planes, and cooBidering the three trapesia thus fonned. 

Henoe prove the theorem for any leetilinear figure. 
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7. Parallel lines project into parallel lines. 

The intersection of the two parallel lines is a point at infinity. 
This projects into a point at infinity. 

Therefore the two projected lines are parallel, 

8. Parallel lines are diminiahed, by projection, in the 
same ratio. 




fig. 68. 



AB, A'B' are parallel ; CD, c'd' are their projections. 
Draw AE |( to CD, A' r to O' D\ 

Let AE meet BD in E, A'E' meet B'd' in E'. 

Now CD is II to C D' by (7). Thus we have AE || to CD, CD 
n to C'D', C'D' I to A'E'. 

AE is II to A'E'. 

Also AB is U to A'B'. 

by a theorem in solid geometry 

L BAE = L B'A'E', = <^ (say), 

AE = AB006^ A'E' = A'B'C0S^. 

But AE=CD, the pruj" of AB, and A'E' = C'D', the proj" of 
A'B'. 

Therefore the two parallel lines are both diminished in the 
same ratio by projection. 



Digitized by Google 



118 



ORTHOQOMAL PROJEOTION 



9. If a line and any number of points on it be pro- 
jected, the projection is divided in the same ratio as the 
original line. 

This follows from (8). The following particular case is useful. 

10. The projection of the mid-point of a line bisects 

the projection of the line. 

11. It has been seen that a number of geometrical relations 
are unaltered by orthogonal projection; and the boginner may 
be tempted to apply this principle too freely. 

It must be noted that, as a rule, angle properties are destroyed 
by orthogonal projection. 

Ex. ep7. Disooyer eaeoB in whioh a right angle is analteied by pro- 
jsotion. 

Sz. eoa. One arm of an angle ie || to the plane of projection. Is the 
angle increased or diminished by projection ? 

Ex. 50e. One arm of an angle is a line of greatest slope. Is the angle 
ineroMed or diminiehod by projection ? 

Ex. 610. Answer the question of £x. 509 for an angle whose bisector is 

(i) a line of greatest elope^ 

(ii) a parallel to the plane of projection. 

Ex. 611. Discolor any case iti which the relation of an angle and its 
bisector is unchanged by projection. 

Ex. 513. Prove that the relation of Ex. 511 is not preserved generally, 
by considering the particular case of 

(i) a right angle with one arm || to the plane of piojeetion, 

(ii) a square and its diagonal. 
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Ex. 513. Ascertain which of the following relatioDS aie anchangedby 
projection, (a) generally, (6) in particular cases : 

(i) triangle and orthooentEe^ 

(ii) triangle and droamoezitre, 

(iii) triangle and oentroid, 
(It) iBOBoeles triangle, 

(y) right-angled triangle, 
(▼i) parallelogram, 

(vii) rectangle, 

(viii) rhombus, 

(ix) trapezium, 

(x) circle, 

(xi) a set of equivalent triangles, on the same base and on the same 

fcidu of it, 

(xii) a set of triangles with the same base and equal vertical angles. 

Ex. 514. If the original plane is covered with squared paper, what is 
the corresponding pattern on the plane of proj^tion ? 

Ex. 616. If a triangle is projected orthogonally, the centroid of the 
triangle projects iuto the ceuiruid ut the projectiou. 



Thb Ellipse. 

The most interesting application of the method of orthogonal 
projection is that derived from the circle. 

The circle projects into an oval curve called an ellipse : it is 
flattened or foreshortened along the lines of steepest alope, wliile 
the dimensions parallel to the plane of projection are unaltered. 

If we define the ellipse, for present purposes, as the curve 
whose equation is 

it is easy to prove that the ellipse is the projection of a circle. 
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fig. 69. 

Let tlie circle (centre O) be refcrretl to rectangular axes OX, 
OY ; OX being || to the plane of projection. 

The coordinates of a point p on the 0 are On^ pn. 

Let On = 0^ = Y, radius = a. 

Then + Y* = a*. 

The projections of OX, OY are the perpendicular lines CA, CB; 
these shall be the axes lor the ellipse. 

The coordinates of the point P on the ellipse are ON, PN. 

Now ON as On s 
Let PN=y. 
Then ysYcos^, 

cos^^ ' 



OP + 



= 1. 



a? a*ooe»^ 

But OB, the projection o£ OY, - a cos 6, Let OB =: b. 
Then the coordinates of P satisfy the equation 



The locus of P is therefore an ellipse whose semiaxes are 
OA (a) and CB {h). 

The angle properties of the circle do not admit of transference 
to the ellipse. But there are many important properties that 
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may be transferred, and the chief of these are given in the 
following exercises. 

Ex. 616. Prove the following properties of tlie ellipse, by 
first proving the allied property of the circle, and then carefully 
showing that the property admits of projection. 

(1) Every chord of the ellipse through C ia bisected at C. 
(These chords are called diameters.) 

( 2 ) The tangents at the extremities of a diameter are parallel. 

(3) The locus of the mid-points of a series of parallel chords 
is a straight line, namely a diameter. 

(4) If a diameter CP bisectti chonis parallel to a diameter 
CD, then CD bisects chords parallel to CP. 

(Such diameters are called cat^ttgafe,) 

(5) The lines joining a point on an ellipse to the extremities 
of a diameter are parallel to a pair of conjugate diameters. 

(6) A diameter bisects all chords parallel to the tangents at 
its extremities. 

(7) If a pair of conjugate diameters meet the tangent at 
P in T, T', and CD be conjugate to CP, then PT . PT' s CD^. 

(8) The chord of contact of the tangents from T is bisected 
by CT. 

(9) If CT meet the cur^e in P and the chord of contact of 
the tangents from T in N, then 

ON . CT ^ CP-. 

(10) Through a point O are drawn two chords pop', qOq* ; 
and diameters PCP', QO0l are drawn ii to the chords. Then 

Op , Op' : Oq . O^' = CP» : CQ^. 

(11) Tangents Tp, Tq are drawn from T, and PCP^, QCGl' 
are the parallel diameters. Then 
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(12) PCP', DCD' are a fixed pair of conjugate diameters; 
Q is a variable point on the ellipse. QV is drawn || to DC to 
meet PCP' in V. Then 

QV : PV . VP' = CD^ : OP* = coubtaut. 

(13) The area o£ the ellipse is icab» 

(14) A circumscribing parallelogram is formed by the tangents 
at the extremities of a pair of conjugate diameters. Its area is 

coast ant and oqual to 4a6. 

(15) CP, CD being conjugate semi-diameters, 

OP* + CD' = constant = + 5*. 

(16) If all the ordinates of a circle be reduced in a tixed 
ratio, the resulting curve is an ellipse. 

Ex. 517. By the method oi projection, discover some harmonic pro- 
perties of the ellipse. 

Ex. 618. From a point P on an ellipse a perpendicular FN is drawn to 
the major axis ACA'; NQ i» drawn parallel to AP and meets CP in Q. 
Proire that AQ is parallel to the tangent at P. 
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CUOSS-RATIO. 

Definition, A system (jf points on a straight line isj called a 
range ; the line is called the base of the range. 

Definition. A system of lines through a point is called a 
pencil ; the point is called the vertex of the pencil. 

Definition, If A, B, C, D be a range of 4 points, and if C, D 

be reganlcd as dividing the line AB (internally or exLtjrnaiiy), 

then ^ : — ^ is called a orofiB-ratio or anhaimonic ratio of 

CB DB 

the range ABCD, and is written {AB, CO} ; the sense of lines is 
taken into account. 

Ranges of equal cross-ratio are called eqnioroaa 

A O B D 

L 2--"J<--1-->l« 3" J 

fig. 70. 

Ex. 619. Calcalate {AB, CD} for the above range. Also calculate 
(CD, AB}, {AC, BD}, and all the other crosB-iatios obtainable by pair- 
ing the pmntB in different ways. 

Ex. 520. If a range ABCD is inverted, with respect to a point ou the 
Kanie liiio, into a ranj^'e A'B'C'D', then {AB, CD} = {A'B', CD'}. Examine 
what this leads to if A coincides with O, and {OB, CD} is harmonic. 
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Ex. ft31. If a peneil of foor lines i<s cat bj two parallel lines in ranges 
ABCD, A'B'C'O', then !AB, CD^ = 'A'B', C D'}. 

£x. saa. If { AB, CO} s { AB» C£^. then the points D and E coincide. 

Ex. 538. The projection of a range ABCD on anj line is A'B'C'D' ; 
pme that ;AB, CD^slA'B', CD"}. 

Ex. ftM. Investigiae the cum 

{AS, CD} = 1, {AB, CD} »0, {AB, CD} » « . 



From the detinitiou of cros> ratio, it is clear that one of the 
cross-ratios ot a harmonic range is equal to — 1. 

EZ.6BA. lfiAB,CO}=:{AB,DG},th«aACBOto«lu«BOBlenBca. 

Ex. 626. If A, D be coUiue&r, and C, D' be the harmonic con- 

jngates of C, D respectively with respect to A, B ; then 

(AB, CO}={AB, C D'}. 



As four letters admit of twenty foor permiltati<m8^ the cross-ratio of a 
range A, C, D can be written down in twen^>fonr vays. These will not 
give rise, however, to twoi^-foiir different cros8«r»tio8. 

To beipn with, | AB, CD}= {CD, AB} ; 

M <«» ^r^i AC AD AC . DB 
for {AB.CD} = -^3:^ = ^3-^, 

^ .^r. CA CB OA . BD AC. DB 

and {CD,AB} = -^j^;3^ = ^^-^^^^g-^j^. 

In the same iroj it is shown that 

{AB, CD} = {BA, DC'. 

Thus {AB, CD} = {CD, AB} = {BA, DC} = {OC, BA}, 

a group of foQT equal eross-ratios. 

Thif? reduces the possible number of dilierent cross-ratios to six ; and it 
will now be shown that these six are generally unetjual. 

AC . DB 

For, let {AB, OD^^^^^^X, 
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Then, interdiaiiging the first pair, 

{BA CD>_ BC.DA CB.AP 1 
^ * ^ OA. BD AC, DB X' 

Again, {AC, BD}=1-X. 
For AB . CD+ AC . DB + AD . BCssO. (See Ex. 2, p. 4.) 

. ♦ CD AC . DB 
** AD.BC**'Ab. BC"'"^"*'' 

AB . CD AB /AD 



Bat 

AD 



bc = -bc/dc=-<'^^'»*^>' 



, AC . DB AC AD 
AO . BC " " Cb/ DB = " 

.-.{AC. BD} = 1-{AB, CD} 

Interclianging the first pair of {AC, BD}, 

{CA.BDl = ^\. 

Again, as before, 

{BC, A0}=1-{BA, CD} 



and {CB,AD} = 



X 

x^* 



We thas have six diffomit oross-zatioe, 

- 1 , ^ 1 X-1 X 

As a matter of fact, there is seldom any need to consider these varionB 
onMS-ratios; it is enstomaiy to ase the same eross-raiio tbroughont a given 
calenlation, and it does not often become neoessaiy to define whioh of the 
six possible ezoss^ratios is being used. The comma therefore is generally 
omitted, and the cross-ratio written {ABCD}, 

nefinUum, Tf OA, OB, OC, CD bea pencil of four lines, the 
cross-ratio of the pencU is defined to be 

sin ADC sin ADD 

^ * _ _ 

sin CCB * sin DOB ' 

the sense of angles being taken into accuuiit (seep. 5); the cross- 
ratio of the pencil is written O [AB, CD}. 
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X( is important to notioo that the cross-ratio is unaltered if we sabstitate 
for any ray ol the pencil (my OB) its prolongation baokwards through O 
(say OB'). 

For L GOB'= ^.COB +180^-1-11.860', 
/ DOB'= I OOB+180<>-i-n.360». 
flin COW^ -^dn COB, ein DOB'ss - sin DOB. 

The cKNW-rafeio Is therefore unaltered. In faet, the eroee-ratio pertaJne 
to the four &mftUiU ray$, not to the four hal/'rayg, 

Ex. 627. In Th. 28 it was shown tlmt a rvsU'ih of two lines and the 
bisectoiB of the angles between them is a ijarticulai case ol a liamiuriic 
pencil. Prove that the cross-ratio of such a pencil, us given by the sine 
definition, is equal to - 1. 

The cross-ratios of ranges and pencils are brought into relation 
by the following fundamental theorem, 

TH£0E£M 50. 

The cross-ratio of a pencil is equsl to the cross-ratio 
of the range in which any transversal cuts that pencil. 




fig. 71. 



To prove that O {AB, CD} = {AB, CD}. 

I. As regards sign, 

sin AOC , ^, .AO 




Mgnas— ; 




O {AB, CD} has the same sign as {AB, CD J. 
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IL Ab regards magnitude. 

Draw p the perpendicular from O upon ABCO. 



A ADC = } OA . DC am AOC, 

ACOB ^ OC . OB sill COB, 

AAOD = iOA. ODainAOD, 

A DOB =3 OD . OB sin DOB. 

. AAOC AAOD sinAOC sin AO D 
ACOB A DOB sin COB * ainDOB 

^ O {AB» CD}. 

Again, A AOC . AG, 

ACOB = ^|».CB, 



If two lines out a pencil in the ranges abcd, a'b'c'd', 

then {ABCD} = {A'B'C'O'}. 



Eor both {ABCD} and {A B C'D'} are equal to O {ABCD}. 



etc. 



• ^^Q^ AAOD _ AC AD 
' ' ACOB * A DOB ~ CB ' DB 

= {AB, CD}. 



O {AB, CD} = {AB, CD}. 



Theorem 51. 




fig. 72. 
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Ex. ftM. Verify graiihicftlly the truth of Th. 51. 

Ex. 520. Prove that, while the cross-ratios of the ranges ABCD, 
A B C D' are B^nal, the ratios themselves (AB : BC, A'B' : B'C, etc.) ue 
not eqnal nnless (1) the iwo lines meet ftt infinity, or (3) O is at infinity. 

Ex. 6aO. If a transvcrsiil be drawn parallel to the ray OD of a pencil 
O {ABCD}, and cut the rays OA, OB, 00 in P, Q, R respectively, then 

Pa:RQ=0{AC, BD}. 

Theorem 52. 

If two pencils are subtended by the same range, then 
the eross-ratlos of the pencils are equal. 



For both P {XY2W} and a{XYZW} are equal to {XYZW). 
Ex. »ai. Verify graphically the truth of Th. 52. 



(i) P and Q are at infinity, 

(ii) XYZW is the line at inlioity. 

Ex. eae. Show that the two pencils subtended at points P, Q by the 
samp range XYZW cannot be equiangulaf unless XYZW is the line at 

infinity. 

(It may be noted that, i£ KyZ\N is the line at infinity, PQXYZW are 
concydic, as a straight line together with the line at infinity is a limiting 
form oi a circle. But, if PQXYZW are concydic, / XPY= l XQY, etc.) 




fig. 78. 



Ex. sea. Examine what becomes of Th. 52, if 
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Bz. 084. Consider the penoU D {AYCZ} in fig. 74 : 

(i) It is cut by AB ; what range on A6 is equicrosa with { AYCZ } ? 

(ii) What range on XE is equicross with {AYCZ} ? 



fig. 74. 

Cross-ratio of a pencil oi parallel lines. 

If the vertex of a pencil retreats to infinity, the rays become 
parallel, and the angles of the pencil become zero. By the 
principle of continuity, we may be assured that all transversals 

still cut the peucil iii eijuicross ranges; this property is, however, 
t ln ious from the fact that any two transversals are divided 
siiiiil u ly by a pencil of parallel lines. 

The angles of the pencil being sero, it would not appear^ at 
first sight, that the ordinary definition of the cross-ratio of a 
pencil has no application to this case. This difficulty may be 
avoided by defining the cross-ratio of a pencil of parallel lines as 

the cross-ratio of the range in which any transversal cuts the 



Wc may use the property Lt = 1 to illustrate the case of a peucil of 

9=0 ^ 

parallel lines. For suppose that a cirole be drawn with centre O so that 
the pencil intercepts arcs AB, BC, CD. 




W 



pencil. 



sin d 




fig. 75. 



a. s. M. a. 



Digitized by Google 



130 CROSS-RATIO 

As O xetMate towards infinity, lei tbfl rading be inoxeaeed and fhe angles 
be diminished in enoh a way that the an» remain finite. 

sin^AOC / sin ADD _ / AO^ / z AGP 
9in COB/ 8in DOB ~ YCOB/ zDOB 

arc AC /arc AD 
""are OB/ arc DB' 

and oltimately the latioe of the area beeome the ratios of the segments of a 
transversal line. 

TutlOllEM 53. 

If {ABGD}, {A'B'c'D'i be two equicrosB ranges, and if 
AAV BB', DC be conourrent^ then, DD' mnst pass throng 
the point of concurrenoe. 




fig. 76. 

Let O be the point of concurrence of A A', BB', CC. 
If DD' does not pass thruugh O, let OD cut A'B' in 
Then {A'B', C'D"} = {AB, CD} 

= {A'B', C'D'}. 
. AC. D"B' A'C . D'B' 
" C'B' . A'O " " O B' . A D" 

. D"B' d;b' 

• ' A'D ' A'D' ' 
/. D " coincides with D', 
/. OD' passes through O. 
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Note. This theorem and Theoreai 51 could be stated as 
theorem and converse. It rauHt be, cjirefully nottnl that it is 
geneially not truci that, if {ABCD} = {A'B'C'D'}, then AA', BB', CO', 
DD' are concurrent. 

Ex. 535. lixaiuiue the particular case iu which (ABCDj, |A B G D'} 
aie similar. 

Ex. ft96. Place two timSJUar ranges {ABCD}, {A'B'C'D'} in sneb a 
portion tbAt AA'» BB', CC, DD' ue nol ooncunent. 



Theorem 54. 

If two equicross ranges {pxyz}, {px'Y'z } have a point 
P in oommon^ then XX', YY', zz' are concurrent. 




p 



fig. 77. 



This is a particular case ot Theorem 53. 



Ex. 687. Prove this theorem without assuming Th. 53. 



9—2 
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Theorem 55. 

If p {XYZW[, Q |XYZw; be two equicross pencils, and if 
z be ooUinear, then w is on the line XYZ. 



If W does not lie on XYZ, let PW, QW cuL XYZ in A, B 
respectively. 



= Q {XY, ZW} 

= {XY, ZB}. 

• XZ > AY _ XZ . BY 
" ZY.XA"ZY.XB* 

• AY _ ^ 
XA"XB* 

/. A and B coincide, 

/. W lies on XYZ. 




fig. 78. 



Then 



{XY, ZA} 



P{XY, ZW} 
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Theorem 56. 

If two equicroBs pencils p {abcd}, q {abcd} have a ray 
PQA in common, then bcd are collinear. 




fig. 79. 



This is a particular case of Theorem 55. 

Ex. 538. Prove Th. 56 without assuming Th. 55. 

Ex. 639. Prove that in fig. 77 tlio intersections of XY', X'Y ; of XZ', 
X'Z ; of YZ', Y'Z lie on a line tliroagh P. (Conaider two oi the above 

points.) 

Ex. 540. Join the intersection of QB, PC to that of QC, PB ; that of 
QB, PD to that of QD, PB ; that of QC, PD to that of QD, PC. Ptove that 
theee three lines meet on PQ. 



Orobb-batios and Projection. 

We have seen that angle properties as a rule are destroyed 
by nrthog(»nal projection. One important set of angle relations, 
however, aro. uiidisturl)ed ; namely, those connected with croKH- 
ratios. The reader will be able to appreciate the importance of 
cross-ratio in view of the following theorems. 

A range of points is eqnicrofls with the range obtained 

by projecting these points. 

A pencil of lines is equicross with the pencil obtained 
by projecting these lines. 

The proofs are left to the reader. 

It follows from the above theorems that harmonic properties 
of points and lines are unaltered by projection. 
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ExBBcisBs ON Chapter XIII. 

Si. 541. Find a point on a given line sneh that if it be joined to three 
SiTen points in a plane with the line, any parallel to the line is divided in a 
given ratio by the three joins. 

Ex. 543. Four fixed points on a circle subtend at a Tazlable 
point on the circle a pencil of constant croea-ratio. 

Sx. MS. 9wr flxed tansenta to a olMie inert a ytuUMm taasoat 
to Hio olMlo la a raaae of oonrtaat e g os a ratto. 

(Consider the pencil snbtended at the centre.) 

Ky. 544. If fonr point* are colllncar, tbeir polars witli respect 
to a circle are concvirrent; the croM-ratio of the pencil so fonnod 
ia e<jLttai to tliat of tlie ran^e formed by tbe fonr pointa. 

Ex. 545. X is the vertex of a fixed angle; PAB is a transversal vrhieh 
turns about a fixed point P and eats the arms of the angle In A» B; O, O' 
are two fixed points eollinear with X. -OA, O'B meet in Ct Prove that the 
loeas of Q is a straight Hue. 

(ConRidor a pencil formed by PX and three positions of the transvetsals 
PAiBi, PAjBa, PAsBs.) 

Ex. 546. With the notation of the preceding exercise, let O, O' be col- 
linear with P instead of X. Prove that the locus of Q is a straight line 
through X. 

(Consider a peneil foimed by POCy and three positions of the trans- 
versal.) 

Ex. 647. Prove that if the sides of the triangle OjOjO^ pass through 
the vertices of tlie triiin[,'le UiU-jUn, and Aj be ;uiy ]>oint on U . and 0;,A| 
meet Ui U.t in A^, and O2A1 meet U, in A3, then Oi» Ag, A3 are coUinear. 

(Consider penciU whose vertices are A| , Uj .) 

Ex. 648. Three points F, Q, H are taken on the side BC of a triangle 
ABC; through Q any line is drawn cutting AB and AC in L and M re- 
speotivelj ; FL and HM intersect in K $ prove that K lies on a fixed straight 
line passing through A. 

Ex. 648. The three sides of a varying triangle ABC pass each through 
one of three fixed eollinear points P, Q, R. Further, A and B move along 
fixed lines; show that C also moves on a fixed line, conearrent with the 
other two. 
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Ex. SAO. A Btnigbt line drawn tbiongh a point P meets two fixed 
str^ght lines in the points L and M. The straigfat lines joining L and M 
to a point Q meet tl. > fixed straight lines again in the points M' and L'. 
Show that if P and Q are fixed, UM' passes through a fixed point. 

Ex. 551. Show that the lines joininf? the centres of the escribed circles 
of a triangle to the corresponding vertices of the pedal triangle are con- 
eurrent. 

Ex. 562. Prove that ihc lines joining the centres of the escribed circlos 
of a triangle to the middle points of the corresponding sides are concurrent. 

Ex. 068. A', B'f C are the mid-points of the sides of the triangle ABC, 
and any line is diawn to meet the Bides of the triangle A'B'C in K, L, M. 
AK, BL, CM meet the sides of ABC m K', L', M' raspeotiTely. Prove that 
K'L'M' is a straight line. 

Ex. «M. If A', B', C he throe pmats on the sides of a tfiangle ABC 
such that AB' . BC . CA' = AC . BA'. CB' and X, Y, Z be the mid-points of 
B'C, C'A\ A'B\ then AX, BY, CZ aro conounent. 

Ex. 555. Two points X, Y separate harmonically each of the throe pain 
of points P and F, a and Ct', R and R'. Prove that 

{PP'ORHIPWR'}. 
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THE I'iUNCiri.K OF DUALITY. 



THE COMPLETE QUADRILATERAL AND 

QUADRANGLE. 

The reader may have noticed that there exists in plane 

geometry a certain duality, by which many properties of points 

have, as their counterpart, corresponding properties of lines. 

For instance : — 



2 points define 1 line. 

3 points define 3 lines. 

4 points define 6 lines. 

etc. 

A point moving under cer- 
tain conditions defines a curve, 
the loeua. 

If a point lies in ;l lixcd 
line, its polar with respect iv a 
circle passes through a fixed 
point. 



2 lines define 1 point. 

3 lines define 3 points. 

4 lines define 6 points. 

etc. 

A line moving under cer- 
tain conditions defines a curve, 
the envelope. 

If a straiglit line passes 
through a fixed point, its pole 
with respect to a circle lies in 
a fixed line. 



This duality has obvious limitations, though a more extended 

study of geometry will show that it reaches further than would 
appear at fiist sight; e.g. there woiiKi at first sight seem to Ije 
no puint-system corresponding with a line-system of two lines at 
right angles. 
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However, there are many cases of duality that may be cited 
at this stfl^. 

In order to exhibit the matter in tiie most striking way, it is 

convenient to use two acw terms : — 

Dejinition. The join of Defimiiori. The meet of 
two points is the unlimited two lines is the point defined 
line defined by the two points. by the two lines (by their 

intersection). 

It is also convenient to denote points ))y lar<j;e letters, and 
lines by small letters : AB is the join of points A, 3 ; ab is the 
meet of lines a, b. 

Using this notation : — 



I f e 



fig. 80. 




A range of four fixed points 
A, B, C, D together with a 

varying point P define a pencil 
of constant cross-ratio. 

If two equicross ranges 
ABCD, A'B'C'D' be placed so 
that the lines AA', BB', CC' are 
concurrent, then DD' will be 
concurrent with these three 
lines. 



fig. 81. 

A pencil of four fixed lines 

a, 5, c, d together with a vary- 
ing line p define a range of 
constant cross-ratio. 

If two equicross pencils 
abcd^ a'b'e'd^ be placed so that 
the points aa', bb\ ec' are col- 
linear, then will be coUinear 
with these three points. 
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An interesfcing case is that of tlia complete figures defined by 
four lines and fonr points. 

Four lines together with Four p oinfs together with 

their six nxt ts form a COm- their 

plete quadrilateral (or four- 
line). 

V 



SIX i(nns 



form a com- 
plete quadrangle (or four- 
point). ■ 




fig. 89. 

The four lines AB, BC, CD, 
DA are called sides. 

The meet of any two sides 
is called a vertex ; the vertices 

are the six points A, B, C, D, 
E, F. 

Opposite vertices are ver- 
tices that do not lie on the 
same side (A, C ; B, D ; E, F). 

The join of two opposite 
vertices is called a diagonal ; 

them) are three in iiuiul>er, AC, 
BD, EF. 




fig. 88. 



The four points ab, be, cd, 
da are called vertices. 

The join of any two vertices 
is called a side; the sides are 

the six lines a, 6, c, rf, e, 

Opposite sides are sides 
that do not pass througli tlie 
same vertex (a, hyd\ e,/). 

The meet of two opposite 
sides is called a diagonal- 

point : these are three in 
number, ac, 6c/, ef. 
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We will now prove the important harmoiiic property of the 

Jqiiiidiikiteral 
(.quadrangle 

Before proving this, it should be noted that 



complete 



If A BCD is a. range of points 
and P a point not lying on the 
same line, P {ABCD} signifies 
the cross-ratio of the pencil 
PA, PB, PO, PD. 



If ahcd is a pencil of lines 
and a line not passing through 
the same point, p {abed} signifies 
the cross-ratio of the range 

P^9 P^i P^* 



Theorem 57. 

In a complete quadri- 
lateral, on each diagonal 
there is a harmonic range 
formed by its meets with 
the other two diagonals to- 
gether with two vertices of 
the quadx'ilateral. 

To prove {EF, PQ} a har- 
monic range. 

{EF, PQ} = B {EF, PQ} 
= {OA, RQ} 
= D {OA, RQ} 
= {FE,PQ}*. 

Since the points E, F liave 
been interclianijrod without 
alterintr tlip value of the cross- 
ratio, {EF, PQ} is harmonic. 



Theorem 58. 

In a complete quad- 
rangle, through each dia^ 
gonal-point there is a har- 
monic pencil formed by its 
Joins to the other two dia- 
gonal-points together with 
two sides of tlie quadrangle. 

To prove {e/^ pq} a harmonic 
range. 

= c?{ca, rq) 

Since the lines e, / have 
been interchanged without 
altering the value of the cross- 
ratio, {eff pq] is harmonic. 



* This method of proof may be remembered as follows : the range on 
diiigosal 1 is projected on to diagonal 2, and back again on to diagonal 1; 
nshig the two vertices that lie in diagonal 3. 
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The above proof is of interest as briBging out the principle 
of duality. The following proof, however, may be preferred for 
ordinary purposes. 





fig. 84. 

Fig. 84 represents a com- 
plete quadrilateraL 

To prove that {TU, XY} is a 
harmonic range. 



Fig. 85 represents a com- 
plete quadran^e. 

To prove that Z [QR, TU} 
is a harmonic pencil. 



Consider the triangle STU. 

Since SX, TR, UP are concurrent, 

TX UR SP _ , 

• UX*SR'TP~ • 

Again, since P, R, Y are co) linear, 
. TY UR SP 

• uy'srtp" 

. TX TY 

UX^"UY* 

{TU, XY} is a harmonic range. 
Hence Z {TU, QR} is a harmonic pencil 



[Ceva. 



[Menelaus. 
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Ex, B69m Prove the ftbove tbeorem for the other two ^iiftg^ftia of the 
qoadiihiteKalt and for the other two diagonal points of the quadrangle. 

Ex.557. AB 1. 1 arallel to DC; AC, BDmeetin Q; DA, CBin P. Prove 
that PQl bisects AB and DC. 

Ruler construction for the fourth point of a harmonic 
range. 



/ ^ 



fig. 80. 



Given three colliiiear points A, B, C ; to find the point D such 
that {AC, BO} shall be harmonic. 

Through A draw any two lines AP, ACL 

Through B draw any line BQP cutting the two former lines 
in Q and P respectively. 

J oin CO, CP. Let these joins cut AP, AQ in R, S respectivoly. 

Join R8 and produce it to meet ABC in D. 

Then, by the harmonic property of the quadrilateral PRQS, 
{AC, BD} is harmonic. 

Kote. This ruler construction for a fourth harmonic point 
is important, as showing that the idea of a harmonic range can 
be developed without any reference to measurements of lines or 
angle ; in other words, can be put on a non-metrioal or pro- 
jective basib. 
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SBLr*-POLU TEIANOUS 



Ex. •••• Perfomi the sbore ocmitrnetkm for the point D, satiaQring 
youneU that the wme paint 19 obtained however the linee AP, AO, BQP afo 
▼aried. 

Ex. 6d8. Bifieot a line AG by the above mutbod. [D will be at iu- 

finity.] 

Ex. 660. Show that, if one diagonal of a complete quadrilateral is 
parallel to the thixd (the exterior) diagonal^ then the second diagonal bieecte 
the third. 

Ex. 061. Apply the harmonic property of the qoadrilateral to the case 
of &e parallelognun, considering all three diagonals. 



Sblf-polab Trianglb. 

The reader is reminded of the following theorems proved in 
Chapter vii. 

Th. 31. If a straight line is drawn through any point 
to out a eirole, the line is divided haimonically by the 
circle, the point, and the polar of the point with respect 
to the circle. 

Th. 32. If the polar of a point P with respect to a 
circle passes throng a point then the polar of q 
passes through p. 

Th. 33. Two tangents are drawn to a circle from a 
point A on the polar of a point b; a harmonic pencil is 
formed by the two tangents from A, the polar of b and 
the line ab. 

Ex. sea. Let the polars of points A, B, C fonn a triangle PQR. Prove 
that the polara of the points P, Q, R are the sides of the triangle ABC. 

Ex. 563. Draw the polar of a point A. On this polar take a point B. 
Draw tlie polar of B, passing throutrli A (why ') and cutting the polar of A 
in C. Prove that AB ia the polar ol G ; i.e. that eacii side of Uie triangl* 
ABC is polar of the opposite verlex. 
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DefimiUifm, If a triangle be such that each side is the polar 
of the opposite vertex with respect to a given circle, the triangle 
is said to be self-polar or self^conjugate with respect to the 
circle; and the circle is said to be polar with respect to the 
triangle. 

From Ex. 568 it is seen thai an infinite number of tvUuiifUs may be 
drawn self-polar with respect to a given circle. One vertex may be taken 
anywhere in the plane; the second is then limited to a certain line; and 
when the second is fixed, tlie third is thereby hxed. 

On the other hand, it will appear from Ess. 564, 565, that a given triangle 
has omy one polar dxela. 

Ex. 504. The centre of a cirele, polar with lespeot to a given triangle, 
is the orthooenire of the triangle. 

Ex. 56a. If H be the orthocentre of A ABC, and AD, BE, CF the alti- 
tudes, then 

HA . HD = (rad. of polar circle) 2, 

and similarly 

HB . HE«(rad. of polar cirele) >=HC . HF, 

the sense of lines being taken into account. 

Ex. •••• A triangle self-polar with lespeot to a real eirole cannot be 
acate-angled. 

Ex, 507. What is the polar circle of a right-angled triangle '? 

Ex. aas. An isoseeles triangle ABC fms base 2a and vertioal angle (A) 

120^. Show that tbe radius of the polar oinde is a ^2. If the polar eirole 
outs AC in P, show that z ABP=16° 

Ex. 560. The aides of a triaasle are divided lumaonically by its 
polar circle. 

Ex. ft70w A triangle self-polar with respect to a point^circle is right- 
angled. 

Ex. 571. What docs a self-polar triangle become if one vertoc coincideB 
with the centre of the cirele ? 

Ex. 572. If a circle connists of a straight line and the line ai luiinil^', 
what do its self-polar triangles become? 
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Ex. »7a. The angle A ol a triangle ABC is obtuse ; AD. BE, CF are the 
altitiuks ; H the orthocentre. The polar circle cuts AC in P and Ql Show 
that EP^= EA . EC, and that H, F, P, D, B, Q are concycUc. 

Ex. 974. If drcles are described in the sides of a triangle as diameters^ 
they are cat orthogonally by the polar oirole of the triangle. 

Theorem 50. 

If a quadrangle be inscribed in a circle, the triangle 
formed by the diagonal points is self-polar with respect 
to the circle. 




* 



fig. 67. 

We will prove that the side TU of the triangle TUZ is the 
polar of the vertex Z. 

By Theorem 58 T {ZU, SGt} is a harmomc pencil. 

the pencil is cut by SQ in the harmonic range [ZX, SQ}. 

X is on the polar of Z. Th, 31, 

Again, T{ZU, SQ} is cut by PR in the harmonic range 
{ZY, PR}. 

/. Y is on the polar of Z. Th. 31. 

XY or TU is the polar of Z. 

Siuiilarly it may be shown that UZ is the polar of T and ZT 
the polar of U. 

Ex. S7S. Pjrove in detail that UZ is the polar of T, and ZT the polar 
of U. 
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Theorem 60. 

If a quadrilateral be circumscribed about a circle, the 
triangle formed by the diagonals is self-polar with respect 
to the circle. 




iig. 8d. 

We will prove that the vertex Z o£ the triangle XYZ is the 
pole of XY. 

By Theorem 57, {XZ, QS\ is a harmonic range. 
.'. U (XZ, GlS] is a harmonic pencil. 

/. UZ passes through the pole of UX. Th. 33. 

Again, T {XZ, QS} is a harmonic pencil. 

TZ passes through the pole of TX. Th. 33. 

Z is the pole of XY. 

Similarly it may be shown that X is the pole of YZ, and Y 
the polo of ZX. 

Ex. ft9e. Prove in detail that X is the pole of YZ, and Y the pole 
of ZX. 

a. 8. 11.0. 10 
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TRIANGLES IN PEB8PECTIVE 



TbiANGLES in PBBSPBCnVB. 

Definition. Two figures are said to be in perspective if the 
joins of corresponding pairs of points are all concurrent. 

Theorem 61. 

(Dbsargues' Tueokem*.) 

If two triangles are sncli that the lines Joining their 

vertices in pairs are concurrent, then the intersections 
of corresponding sides are coiiinear. 

if 

f\ 




fig. 89. 

The triangles ABC» A'b'O' are such that AA', BB', CC meet 
at O. 

Let BC, B'C' meet at P; CA, C A' at Q; AB, A'B' at R. Let 
OAA' cut BC in S, B C' in 8'. 

* Gerard Desargucs (born at L^oub, loUi^ ; died, 1662). 
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To prove tJuU PQR is a straight line. 

{PBSC} ^ jPB'S'C'} as both ranges lie on the pencil O {PB8C}. 

.*. A {PBSC} = A' {PB'S'C'f, 

ie. A {PROQ} = A' {PROQj. 

These two eqaicross pencils, therefore, have a line OAA' in 
common. 

.'. P, Q, R ore colUnear. Th. 56. 

BefinUkm. The point O is called the centre of perspective, 

and the line PQR ilie axis of perspective of the two triangles 
ABC, A B C' in fig. 89. 

Ex. 577. Prove Th. 61 by considenng equicross pencils with vertices 
at B and B' (instead of A and A'). 

Ex. 678. InveRtigate whether Th. 61 can be extended to the case of 
polygons m perspective. 

Ex. 679. Prove iii. 01 for the case in wliich the triangli^s ABC, A'B'C 
are not in the same plane. Henoe prove the theorem for coplanar triangles 
by rotating the line OAA' abont O till it comoB into the plane OBB'CC 

Ex. 580. Prove Th. 61 by eonsidenng fig. 89 as the zepiesentation in 
piano of three planes meeting at O and eat by the planes ABC, A'B'C. 

Ex. S81. Prove the oonverse of Th. 61. 

Ex. 68S. Prove that triangles that are similar and similarly situated 
(i.e. sides parallel) are in perspective. Where is the axis of perspective ? 

Ex. A88. Investigate whether Ex. 582 can be extended to polygons. 

Ex. 584. Consider the case of triangles that are congruent and 
similarly situated. 



10—2 
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PRINCIPLE OF DUAUTT 



Note on Thbsb-dimbnsional Oeombtbt. 

The dual relation o£ point and line i» coniined to two- 
dimensional geometry. 

In three dimensions, the point corresponds to the plane^ the 

line occupying an intermediate position. 

Thus: 

Two points determine a line. Two planes determine a line. 

Three points determine a Three phmes determine a 
plane, unless they are all on pointy unless they all contain 
the same line. the same line. 

Two lines, in the same Two lines, throu^jh the same 
plane, determine a point. point, determine a plane. 

A point and a line deter- A plane and a line deter- 
mine a plane, unless the line mine a pointy unless the line 
passes through the point. lies in the plane. 

etc. etc. 

Again, consider the five regular solids. They may be grouped 
as follows : 

Tetrahedron (3 corners, 6 edges, 3 faces). 

Cube (8C, 12E, 6f). Octahedron (8F, 12E, 6c). 

Dodecahedron (20C, 30E, 12F), Icosahedron (20f, 30E, 12C). 

The point-plane correspondence appears very clearly when 
we take stock of the cross-ratio properties of three dimensiona. 

We should begin with the definitions of : 

(1) Cross-ratio of four points on the same line (a range of 
points). 

(2) Orofis-ratio of four planes containing the same line (a 
sheaf of planes), this being defined by means of the angles between 
the planes. 



Digitized by Google 



PRINCIPLE OF DUALITY 



149 



Iq addition there woald be the dehnition of the 

(3) Cross-ratio of foar lines, in a plane, througli a point (a 
pencil of lines). 

There would then follow a nmnber of theorems such as the 
following : 



The joins of a point to the 
four |K)ints of a range give a 
pencil equicross with the range. 

The planes determined by 
a line and the four points of a 
range give a .sheaf equicross 
with the range. 



The intersections of a plane 
with the four planes of a sheaf 
give a pencil equicross with the 
sheaf. 

The points determined by 
a line and the four planes of a 

sheaf give a laiige equicross 
with the sheaf. 



The proofs of the theorems may be left to the reader, who 
will find that these principles admit of further development*. 



ExEROisBS ON Chaptbb XIV. 

Ex. 585. A straight line meets the sides BC, CA, AB of a triangle in 
the points P, Q, R lospcctivcly ; BQ and CR meet at X and AX meets BC 
at P'. Show that P and P' are harmonic conjugatCB with respect to B and C. 

If X is the orthocentre of ABC, show that XP is perpendicular to the 
straight line joining A to the middle point of BC. 

Ex 686. The collinear points ADC are given; CE is any otlier fixed 
line tliron^'h C, E is a fixed point and B is any moving point on CE. The 
lines AE, BD intersect in Q; the lines CQ, DE in R ; and the lines BR, AC 
in P. Prove that P is a lixed point as B moves along CE. 

Ex. as?. If a line drawn through the inteneotion O of the diagonals of 
a quadrilaterol eats one pair of opposite ddes in P, so that OP=FO, 
and cuts the other pair in Q, Q', show that PQ=Q'P'. 

* See Beye's Qeometry of Foiitim, translated by fiolgate (the MaomiUan 
Company). 
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Ex. AS8> PerpendicnlarH at B, C to the sides BA, CA of a triangle ABC 
meet the opposite sides iu P, Q ; and the tangents to (he oironmeirole at B, 
C meet in R. Prove that P, 0, R are ooUinear. 

Ex. •••• A qoadiilateral is aoeh that pain of opposite aides have the 
same sum. If O be the orthooentre of the triangle fonned by the diagonals, 
then O is also the in-oentie of the quadrilateral. 

Ez. Two tangents to a eirole aie fixed; two others axe ^rawn so as 
to fbrm with the two fixed tangents a quadrilateral having two opposite 
sides along the fixed tangents; show that the loons of the interseotion of 
internal diagonals of this qnadiiiateral is a straight line» and find its 
position. 

Ex. 691. ABCD is a quadrilateral inscribed in a circle whose centre is 
O; AB, CD intersect in E; AD, BO interseot in F; AC, BD intersect in C 
Prove that 00 is perpendicular to EF ; and that BC, AD subtend equal 
angles at the foot of the perpendicular from O upon EF. 

Ex. 592. Prove that the circlu on each of the diagonals of a quadri- 
lateral as diameter is orthogonal to the polar circle of each of the four 
tiiangleB formed by the sides of the quiMirilateral. 

Ex. 503. Prove that the mid points of the diagonals of a complete 

quadrilateral are collinear. 

{Let ABODEF be the quadrilateral; EF being the third diagonal. Let 
P, Q, R be the mid-points of AC, BD, EF. Prove tiiat as PQE, PQF are 
each I of the quadrangle ABCD.) 

Ex. 594. ABC, A'B'C, A"B"C", are three triangles in perspective, and 
BC, B'C, B"C" are parallel. Prove that the line joining the intersections 
of AB, A B , and AC, AC, is parallel to the line joining the intersections of 
A'B , A"B", and AC, A"C". 

Ex. 695. The lines EF, FD, DE which join the points of contact D, 

E, F of the inscribed circle of a triangle with th*> =ides cut the opposite sides 
X, Y, Z. Prove that the mid-points of OX, EY, FZ are collinear. 

Ex. AM. Show that in a complete quadrangle the three sides of the 
harmonic triangle are met by the sides of the (juadrangle in 6 points, other 
than the vertices of the harmonic triangle, which lie by threes on four 
straight lines. 
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Ex. 507. ABC is a ti i i! 'c ; E, F ar6 the feet of the perpendiculars. 
Prove that, if the triangleB FBD, EDC axe eqaal in area, AB is equal to AC. 

Ex. «98. in a given eirde show how to iniioribe a triangle ABC such 
that the angle ABC is given and the sides AB, AC pass through given 
points. 

£x. 609. From a fixed point A straight lines ABC, AEF are drawn to 
meet two fixed lines in B, C and E, F. Prove that the ciroles oiroumsoribing 
the triangles ABE* ACF intersect at a constant angle. 

Ex. 600. The perpendiculars drawn to the aides of a trianp;lo at the 
points in wiucli they are touched by the escribed circles are concurrent. 

Ex. 601. Tliree circles have two common points O and O', and any 
straiglit lino thron<;li O cuts thorn in pointH P, Q, and R. Prove that the 
circumscribing circle ol the triangle formed by the tangents at P» Gl, R passes 
through O'. 

Ex. 602. Draw a straight line from the vertex A irf a triangle ABC 
meeting BC in P so that AP^=sBP. CP, considering the eases in wliich P 
(i) is, (ii) is not, situated between B and C. 

Ex. tfOS. A, B, C, D are four points in a phine: points P, Ql, R are 
taken in AO, BD, CD respeotively snoh that 

AP: PD=BQ :QD=CR : RD . 

Show that tlie three lines joining P, Q, R to the middle points of BG, GA, 

AB respectively are concurrent. 

Ex. 0O4. Prove that the locus of the middle points of the sides of all 
triangles which have a given orthocentre and are inscribed in a given drole 
is another circle. 

Ex. 60ft* A straight line drawn parallel to the median AD of an isosceles 

triangle ABC whose angle A is a n<:\it angle euts the sides AB, AC in P and 
Q. Show that the locos of M, the intersection of BQ, CP, is a circle; and 
that, if N is the middle point ol PQ, MN touches this circle. 

Ex. 6O0. A straight line drawn through the vertex of a triangle ABC 

meets the lines DE, DF, which join the middle point D of the base to the 
middle points £, F of the sides, in X, Y ; show that BY is parallel to CX. 
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T^x. 007« The points of oontaot of the escribed circles with the sides 
BC, CA, AB produced when necessary, are respectively denoted by the letters 
D, E, F with snfTixep 1, '2 nr H according as they belong to the escribed circle 
opposite A, B or C. BEv,, CFj intersect at P; BEj, CFj at Q; E0F3 and 
BC at X ; F3D, and CA at Y ; Dj E. and AB at Z. Prove that the groups 
of points A, P, Dj, Q ; and X, Y, Z ; are respectively collinear. 

Ex. 608. The opposite sides of the hexagon ABCDEF are parallel, and 
the diagonal OF is parallel to the sides AB and DE; BC, AF intersect in 
P, CD, £F in Cl» and BD, AE in R; show that P, Q» R are in one straight 
line. 

Ex. 6O0. Show that, if O be any point on the circamcircle of the 
triangle ABC. and OL be drawn parallel to BC to meet the circnmcircle in 
L, then will LA be perpendicnlsr to the pedal line of O with respect to the 
triangle. 

Ex. 6 10. ABC is a triangle insoiibed in a circle, and tangents to the 
circle at A, B, C cut BC, CA, AB respectively in the points A', B', C\ 
Slicn' that the middle points of AA', BB', CO' lie on the radical axis of 
the circamcircle and nine-points circle. 

Ex. 611. If ABC is a triangle and DEF its pedal trissgle, the perpen- 
diculars from A, B, C upon EF, FD, DE respeotively are cononrrent. 

El. eia. ABC is a trianc^ rin^t-angled at C. The biseotor of ihe angle 
A meets BC in D, the oireimunrole in Q, and the perpendiciilar to AB 
through the oixeuneentre in F. Prove that SFQ=AD. Henoe {or other- 
wise) constmot a right-angled triangle, given the hypotennse and the length 
of the line drawn bisecting one of the acute angles and terminated by the 
opposite side. 

Ex. 619. A point O is taken within an equilateral triangle ABC such 
that the angles ACB, BOC, COA are in the ratios 3:4:5. AD is drawn 

perpendicular to BC, and CD is joinr I. Sliow that each of the triangles 
into which ADC is divided by OA, CD, OC is similar to one of the triangles 
into which ABC is divided by OA, OB, OC. 

Ex. 614. Two circles intersect in the points B, D ; a straight line ABC 
cnts the circles in A, C ; AD, CD cat the circles again in P, Q ; AQ, CP 
meet in R ; prove that DPQR is a cyclic quadrilateral. 

Ex* 616. If S, are the centres of simflitode of two circles, prove that 
the circles subtend equal angles at any point on the circle whose diameter is 
SS'. 

Ex.. 616. A cii*cle S passes through the centre of another circle S'; 
show that their conmion tangents touch S in points lying on a tangent to S'. 
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Ex. 617. Three circles have two coumion points O and O', and .any 
straight line thronp^h O cuts them in point^i P, Q, R. Prove that the circum- 
f^cribing circle of the triangle formed by the tangents at P, Q, R passes 
through O'. 

Ex. 618. A quadrilateral ABCD ie inscribed in a cifcle, and through a 
point E on AB produced a straight line EFG is drawn parallel to CD and 
cutting CB, DA produced in F, G respectively. Show how to draw the 
circle that passes through F and G and touches the given circle. 

Ex. 619. Ilia triangle AiB|Ci a eirde is inscribed, touching the sides in 
A2B2C2; and so on I'iud the values of the angles of the triangle A„B„C„, and 
give a oonstrndtiou for the diiections of the sides when n is made infinite. 

Ex. 620. The lines WAX, XBY, YCZ, ZDW biseet tiie exterior angles 
of the convex qnadrilatonal ABOO. Show that an infinite nnmber of quadri- 
laterals can he inscribed in XYZW whose sides are parallel respectivrl v to the 
sides of ABCD, and whose perimeters are eqnal to the perimeter of ABCD. 

Ex. •ai. A, B, C are three given points. Show how to describe a square 
having one vertex at A so tiiat the sides opposite to A shall pass thiongh B, C 
lespeetively. 

Ex. ass. Any point P is taken on the base BC of a triangle ABC, and a 
Une PL parallel to BA meets AC in L, while a line PM parallel to CA meets 
AB in M. Show that the triangle PLM is a mean proportional between the 
triangles BMP, PLC. 

Ex. 628. OAB is a triangle. Any circle through A, B meets OA at P 
and OB at Q. PQ meets AB at X, PB meets AQ at Y. Find the locus of Y, 
and show that XY passes through a fixed point. 

Ex. 624. Prove that the radical axes of a tixed circle and the several 
dreles of a eoasal system meet in a point. State the theorems which may 
be obtained by inverting this theorem with respect to (i) a limiting point, 
(ii) a point of intersection of the coaxal circles, (iii) any other point in the 
plfine. 

Ex. 6a«. A trapezium ABCD has the opposite sides AB, CD parallel. 
Shew that the common chord of the circles described on the diagonals AC, 
BD as diameters is perpendicular to AB and CD, and concurrent with AD 
and BC. 

Ex, aae. Given three points A, B, C on a cirde, determine geometrically 
a fourth point D on the dicle^ such that the rays PC, PD may be harmonic 
conjugates with respect to the rays PA, PB, where P is any point in the circle. 

Show farther that the intersection of AC, BD, that of AB, CD, that of 
the tangents at A and D, and that of the tangents at B and C are oollinear. 

11^-5 
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£t. esv. Find the locus of the centre of a drole which bisects the 
cirouDifereneee of two gi¥eii circles. 

Ex. e28. O is the nuliciil centre of three circles. Points A, B, C are 
tiiken oil the radical axes and AB, BC, CA are drawn. Prove tbftt the six 
puiutb iu which these meet the three given circles lie uu a circle. 

If radii vectores are drawn from O to these six points they meet the 
three given ciictes in sis points on a circle and its common chords with the 
three circles meet in pairs on OA, OB, OC. 

Ex. On a given chord AB of a circle a fixed point C is taken, and 

another chord EF is drawn so that the lines AF, BE and the line joinin ^ C to 
the middle point of EF meet in a point O ; show that the locos oi O ie a 
circle. 

Ex. 630. If O bo the ceutioid oi the n points A, B, C,... and if P be 
an> variable point, then AP*4- BP- CP-4- .. - . OP- -i- eonstaui. 

If ABC... be a regulai polygon iubcribed in a circle, O the centre, and P 
any point on the ciroamferenee of this circle, then the centroid of the feet of 
the perpendiculars from P on OA, OB, OC, ... willlie on a fixed eirde. 

Ex. eai. If A, B, O are thiee coUinear points and P is any point what- 
ever, prove that BC . PA«+CA . PB'+AB. PC»= - BC. OA . AB. Find the 
radius of the cirde which touches the circles described on AB, BC, AC as 
diameters. 

Fx. 632. Prove that the tangents to the circuiucircle of the triangle 
ABC at the vertices meet the opposite sides in coUinear points. 

Ex. 633. If L, L' are the limiting pointii of a faniil> of coaxal circles, 
prove that any circle through L, L' cuts the family orthogonally, and that if 
PP' is a diameter of this oircle* then the polars of P witti respect to the 
family pass through P'. 

Ex. 634. A line drawn through L, a limiting point of a coaxal system 
of circles, cuts one of the circles at A nml B. The tanuents at A and B -cut 
another eircle of the system at P, Q and R, S respectively. Shew that PR 
and QS subtend equal angles at U 

Ex. 68«« P, Q are any two points; PM is drawn perpendicular to 
the polar of Q with respect to a circle, and OH is drawn perpendiouUtf 
to the polar of P ; if O is the centre of the circle, prove that 

PM:QNsOP:OQ. 
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Ex. 686. K P be the extremity of the diameter CP of any circle through 
L, C, where L, L', C, C are the iimitiog points and centres of two fixed 
circles and L lies within the circle with C aB centre, then the polar of P with 
r^ard to the circle with C as centre passes through a fixed point. 

Ex. 637. A chord of a fixed circle is such that the sum of the squares 
of the taugeutb from its exticmuies to auother tixed circle is conetaut ; 
prove that the locus of its middle point is a straight Une. 

Ex. 638. A Click; touchcij two gneu circles in P and P', and intersects 
their radical axis in Q and Q'. Prove that PP' pasaee through one of the 
centres of similitude of the given oirdes^ and that the tangents at Q and Q' 
are parallel to a pair of common tangents of the given oirdeB. 

Ex. eas. State (without proof) the chief properties of any geometrical 
figure which persist aft«r inversion. If Ql' are inverse points with respect 

to a drcle B, and R, R' are the iriv< rse points of Q, Q' with respect to an 
orthogonal circle. prove that R, R' are inverse points with respect to the 
circle B. 

Ex. 640. Two circlej^ intersect in A and B, aud a variable point P on 
one circle is joined to A an 1 B. and the joiuiDg lines, produced if necessary, 
meet the second circle in Q <uid R. I'love that the locus of the centre of 
tlie circle circumscribiug PQR m a circle. 

Ex. 641. Two squareij have a common angular point at A and tbcir 
angular points taken In order the same way round are reapeotivelj A, B, C, D 
and A, B', C, D'. Prove that the lines BB', CC, and DD' are ooncnrrent. 

Ex. 642. A, B, A', B' are given points, and PQ is a given straight line. 
Find points C, G' in PQ such that the area of the triangles ABC, A'B'C 
aball be eqnal, and CC shall be of a given length. 

Ex. 648. The middle points of the sides of a plane polygon A are joined 
in order so as to form a second polygon B ; prove that about this polygon B 
either an intinite number of polygons other than A, or no other can be cir- 
cumscribed with their sides bisected at the corners of B, according as the 
number of sides is even or odd. 

Kx. 644. A circle is inscribed in a triani^de ABC luuching th^ >ules at 
P, Q, R. Show that the diameter of the circle through P, the ime QR, and 
the line joining A to the middle point of BC, are concurrent. 
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Ex. 045. A common tangent touches two circles in P and Q re- 
spectively ; show tbat P and Q are conjugate points * with regard to any 
coaiutl circle. 

Ex. Md. If (me pair of opposite ▼ertiees of a square is a pair of con* 
jugate points with respect to a cirde, so will be the other pair. 

Ex. 647. Having given two non-intersecting circles; draw the longest 
and the shortest straight line from one to the other, parallel to a given 
straight line. 

Ex. 646. POP', QOQl are two chords of a fixed eirele and O is a fixed 
point. Prove that the locus of the other interseotion of the circles POQ, 
P'OGt' is a second fixed cixde. 

Ex. 640. The points Q and R lie on the straight line AC and the 
point V on the straight line AD ; VQ nieet.s tlie straight line AB in Z, and 
VR meets AB in Y: X is another print on AB : XQ meets AD in U^andXR 
meets AD in W. i;'rove that YU, ZW, AC are concurrent. 

Ex. 660. The opposite bideaof the hexagon ABCDEF are parallel, and 
the diagonal CF is parallel to the sides AB and DE ; BC, AF intersect in P^, 
CD, EF in CI, and BD, AE in R ; show that P, Q, R are in one straight 
line. 

Ex. 651. A, B are two fixed points, and a variable circle through them 
cuts a fixed circle in C, D. Prove that the line joining the intersections of 
AC, BD and AD, BC passes through a fixed point. 

Ex. 662. Having given six points A, B, C, A', B', C such tliat A B is 
parallel to AB', B'C is parallel to BC, and C'A is piuraUel to CA', prove that 
if A'B'C are oollinear, ABC also are collinear. 

Ex. 653. The angles ARB, AQB subtended at two variable poinf'^ P Ql 
by two tixt'd points A, B diflfer by a constant angle, and the two ratios AP/BP, 
AQ, BQ are proportionals. Show that if P describes a circle,. Q describes 
either a circle or a straight line. 

Ex. 664. A straight line drawn through the vertex of a triangle ABO 
meets the lines DE, DF, which join the middle point D of the base to the 
middle points E, F of the sides in X, Y ; show that BY is paraUel to CX. 

* Two points are said to be «oqJ«sate with respect to a oircle if the 
polar of each point passes through the other. 
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Ex. 655. Prove (hat, if in a pbknattie rati o of the distauces from two 
points be (he same for each of three points A , B, and C, the two points are 

inverse points with rp^rard to the circle ABC. riovc also that the line 
biseofciug BC at right angles meets the lines BA and CA in two such points. 

Ex. 65 6. If a circle S touch the circumcircle of a triau^^'le ABC at P, 
prove that the tangt-nts to S from A, B, C are in the ratios AP : BP : CP. 
What dor this result become when the radius of the circle S increases 
indefinitrclj' ? 

Ex. 657. PQ and RS art) interior and exterior common tangents to two 
circles. The curcles QSR and SRP cat PQ a.tp, q respectively; and tiie 
oirdes PQS, PQR oat RS at r, « Nspectively. Shew thatoirdeB will pass 
through Q, 8, 9, « and through P, R, r, and that the lectangle contained 
by their radii equals the rectangle contained by the radii oi the original 
cirdee. 

Ex. 658. A triangle of given shape ia inaoiibed on a given triangle. 
Shew that the locus of itB oentroid is in general six straight lines. 

Ex. 660. A circle U of constant radius is described, having its centre at 
any point of the circnmference of a fixed circle whose centre is O ; the 
variable circle U cuts anothor fixed circle V ; Y Ih the foot of the per- 
pendicular from O on the common chord of U and V. Prove that the locus 
of Y is a circle. 

Ex. 660. If two fixed circles be cut by a variable straight lino in four 
points in a harmonic range, show that the product of the perpendiculars 
npon it irom the centres of the dndes is constant. 

« 

Ex. eei. Through any point O in the plane of a triangle ABC is drawn 
a transversal, catting the sides in P, Q, R. The lines OA, OB, 00 are 
bisected in A\ B', C ; and the segments QR, RP, PQ of the transversal 
are bisected in P', Q', R'. 

Show that the three lines A'P', B'a', C'R' are concurrent. 

Ex. 662. The four points ABCD form a qiiudi ihiteral of which the 
diagonals AC, BD intersect in O, and A', B', C, D' arc the inverse ]»oint8 
with regard to O as orijjin of A, B, C. D respectively. Show that A'B'C'D' 
is a quadrilateral having' its angles Kupplementary to those of ABCD and 
that, if tnrned over, it may he ]ilaced in the plane so as to have sides and 
diagonals parallel to those of ABCD. 



Digitized by Google 



158 



MISCBLLANEOUS EXERCISES 



Ex. tfdS. If from any point on the circumference of a circle perpen- 
dionlars are drawn to tiie four sides and to the diagonals of an inscribed 
quadrilateral, prove that the rectangle contained by the perpendiculars on 
either pair of opposite sides is eqaal to that oontaiDed by the perpendiculars 
on the diagonals. 

£z. If a system of eirolea be drawn bo that each bisects the cir- 

cnmferenoes of two given drdes, then the polars of a given point with 
respeoi to the system of oiieles will be ooncacrent. 

Ex. 665. A line is drawn ontting two non-intersecting circles ; find a 
construction determining two points on this line such tliat each is the 
point of intersection of the polars of the other point with respect to the 
two circles. 

Ex. eae. If, on the sides BC, CD of a quadrilateral ABCD of which 
two ojnP^^site angles at B and D are equal (the other two opposite angles 
being nneqnal) points E and F be taken each that the areas of the triangles 
AED, AFB are eqaal, prove that the radical axis of the cirdes on BP, ED 
as diameters passes through A. 

Ex. 667. Two opposite .sides of a quadrilateral inscribable in a circle 
lie along two given lines OX, OY and the interisection of the diagonals is 
given; show that the locus of the centres of the circles is a straight line. 

Ex. Two circles intersect orthogonally at a point P, and O is any 
point on any dide which touches the two former cirdes at and Q'. 
Show that the angle of intersection of the dronmcirdes of the triangles 
OPQ, OPQ' is half a right angle. 

Ex. 6e9. The triangles AjB^C,, A^B^Cj are reciprocal with respect to a 
given circle; B.^Cg, CjA^ intersect in Pj and BjCj, CgAg in Pg. Show that 
the radical axis of the ouroles which circumscribe the triangles PiA^B^, 
P^AjjB^ passes through the centre of the given circle. 

Ex. 670. Show that if each of two pairs of opposite vertices of a quadri- 
lateral is conjugate with regard to a circle the third pair is also ; and that 
the circle is one of a coaxal system of which the line of COllinearify of the 
middle points of the diagonals is the radical axis. 

Ex. 671. Three cirdes Cj, and C3 are such that the chord of 
intersection of and C3 passes through the centre of C^, and the chord 
of intersection of and C, through the centre of C,; show that the diord 
of intersection of and C, passes through the centre of C^. 
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Ex. 679. A system of spheres touch a plane P (on either side of the 
plane) at a point O. A plane Q, not passing through O, cuts P in the line I, 
touches two of the spheres in Lj and Lj respectively, and cuts the other 
sphereB. Show that the .system of circles in which Q cuts the spheres is 
coaxal^ with and as limiting points aud I as radical aids. 

Ex. 678. Show tliftt the lofiQs of a point at whioh two giveo portions of 
the same straight line subtend equal angles is a eliele. 

Ex. 674. Two variable circles touch each of two fixed circles and each 
other ; show that the locus ol the point of contact of the variable circles is 
a oirde. 

Ex. 676. A, B, C, D are four circles in a plane, each being external to 
the other three and touching two of them. Show tibat the four points of 
contact are coni^dic. 

Ex. 679. Three oiroles meet in a point O. The common chord of the 
first and second passes through the centre of the third, and the common 
chord of the first and third passes through the centre of the second. Prove 
by inversion with respect to O that the common chord of the second and 
the third passes through the centre of the first. 

Ex. 677. AOB is a right-angled triangle, O is the right angle, and OL 
is the perpendicular to AB. On the other side of OB remote from A the 
square OBQF is described, and the line AO cuts OL in M. Prove that 

1 1 1 

5m~aB"^ol* 

Ex. •78. If A, B are oonjugnto points with respect to a circle (see note 
to Ex. then the tangent to the circle from O, the mid-point of AB, is 
equal to OA. 

Ex. 679. The aides BC, DA of the quadrilateral ABCD are cut by any 
line in the points K, L respectively. AC, BD meet in X ; AK, BL meet in 
Y; OL, DK meet in Z and 60, AD meet in E. Prove that 

X{KC2D} = {EALD}=X{KCYD}, 

and that XYZ is a straight line. 
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